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I. INTRODUCTION 
The essence of fast fracture is that it is a failure mechanism 
involving the unstable propagation of a crack in a structure. In other 
words, once the crack has started to move, the loading system is such 
that it produces accelerated growth. In the history of failure by fast 
fracture in service structures, fracture has almost always been produced 
by applied stresses less than the design stress calculated using the 
appropriate code and safety factor. This has naturally enhanced the 
catastrophic nature of the fractures and has led to the general 
description of them as being brittle. A brittle fracture is the start 
of unstable crack propagation produced by applied stress less than the 
general yield stress of the uncracked ligament remaining when 
instability first occurs. Such brittle fractures are related to 
fracture parameters, called the stress intensity factors (SIP). The 
goal of engineers is to avoid fracture in structural and machine 
elements by calculating the SIF for a particular crack geometry and 
loading condition. 
Photoelastic experiments have been used to extract the SIF or K 
factors by taking data points from the fringe loops surrounding a crack 
tip. The SIF should be measured very close to a crack tip. The main 
disadvantage of using the method of photoelasticity is that we do not 
know the plastic zone size or dimpled area (lens effect) resulting from 
the stress intensification In the region surrounding the crack tip. In 
order to avoid these areas data are collected far from the singularity 
area. 
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The method of caustics In various Investigations has proven to be a 
powerful method to measure SIP at a crack tip In static and dynamic 
fracture mechanics problems. In the method of caustics all the 
Information Is obtained from the Initial curve (the lens effect) of the 
caustics lying In the close vicinity of the crack tip which Is a region 
of much Interest in fracture mechanics. 
There are some difficulties in the determination of mixed mode 
SIFs, the opening Mode and the sliding Mode Kj^ .» using the 
experimental method of caustics. These are: 
1. By the nature of the caustics resulting either from the light 
transmitted through a cracked transparent material or the light 
reflected from the front face of a cracked nontransparent 
material, it is difficult to extract . 
2. The reflected caustics from a cracked transparent material 
contains information to extract mixed mode SIFs. Current 
methods utilizing the method of caustics use only a limited 
amount of data from the generalized epicycloid. The angle 
between the axis of symmetry and the crack axis along with the 
maximum transverse diameter of the external caustic are used to 
determine Kj and If there are errors in these 
measurements, then the accuracy of the and Kjj results 
suffer. 
3. The location of the crack tip is obscured by the caustic. 
4. Due to the reduction of the thickness of the specimen, the area 
surrounding the crack tip acts similar to a divergent lens. As 
a consequence the light transmitted through or reflected from 
3 
the specimen is deflected outwards. As a result of a divergent 
factor, the initial curve size can not be seen on the caustic 
image. 
The main goal in this dissertation has been to solve some of these 
difficulties. The experimental accuracy was improved by using the 
digital image analysis system (EYECOM III) to determine the crack 
orientation and the individual points of the caustics. 
An interaction between two edge cracks for different cases has been 
studied. The validity of the experimental results is compared with the 
numerical results. 
An iterative least-squares technique has been developed to extract 
K^ i ^ 11 the initial curve radius r^  values from an overdetermined 
set of data. The method presented treats the crack tip location as an 
unknown and is determined numerically during the iteration process. 
The method of caustics was extended to the determination of the 
stress optical constants by applying the method of caustics in the 
region very close to a circular hole in a thin plate. A new technique 
has been developed to determine both the transmitted and the reflected 
from the rear face stress optical constants. 
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II. LITERATURE REVIEW 
The theory of fracture strength in brittle materials in terms of 
their surface was introduced by Griffith [1]. This theory infers the 
existence or initiation of cracks in a solid during loading. A rapid 
extension of a crack occurs as soon as an increase of the external load 
creates a rate of strain energy release during extension of the crack 
which is larger than the rate of the gain of energy resulting from the 
formation of a new surface area. Irwin [2] suggested that Griffith's 
theory can be extended to any type of fracture by taking into 
consideration the energy spent in the localized plastic strain at the 
vicinity of a crack tip in estimating the resistance to crack extension. 
The existence of the plastic zone around a crack tip is related to the 
effective stress concentration at the crack tip. Considering the 
influence of plastic yielding'at the root of a sharp notch, Neuber [3] 
suggested that the average stress (a') from the root across the distance 
of the plastic zone for a single edge crack can be expressed by 
where K is the SIF and r is the radius of the plastic zone in the 
direction of the crack. Irwin [4] suggested that it is convenient and 
satisfactory to accept that the plastic zone has a circular shape and 
the crack tip is at the center of the circle. He introduced the 
plasticity correction to the crack size and estimated the radius of the 
plastic zone. The stress and displacement fields associated with 
each loading mode at the vicinity of the crack tip has been related to 
(2-1) 
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the corresponding SIF by regarding the plastic zone to be negligibly 
small [5]. It has been observed in tests with cracked steel plates, 
that the plastic zone has a wedge shape [6,7,8]. Ault and Spretnak [9] 
with sharp notches, and Gerberich [10] with cracks in several aluminum 
alloys have detected that the plastic area has a circular shape. 
Theocaris [11] studied the constrained zone in plexiglas elastically 
loaded under mode one deformation and proved theoretically and 
experimentally that the shape of the constrained zone is a circle. He 
concluded that the stress field around the crack tip may be regarded as 
homogeneous, so that the elastic singularities at the crack tip dominate 
and control the enclosed plasticity around the tips. He also suggested 
that the dimensions of a thin cracked plate should be sufficiently large 
compared with the crack length for the constrained zone to be regarded 
as negligibly small and the elastic stress distribution dominating at 
the crack borders [12]. 
For the elastic infinite plate under conditions of generalized 
plane stress and the crack under the opening mode of deformation, a 
direct evaluation of the stress components around the crack can be 
derived from Westergaard's solution [13]. Vestergaard made use of the 
properties of complex variable functions to show that the normal and 
shearing stresses in the x and y directions, with the origin at the 
crack tip and the x axis coinciding with the direction of the crack, can 
be stated in the form: 
m ReZ(z) - ylmZ'(z) 
cTy = Rez(z) + ylmZ'(z) (2-2) 
\y = -yReZ'(z) 
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where z - x + iy, Z(z) is the stress function in complex form 
Z'  - 9Z/9z and Re and Im Indicate the real and imaginary components. 
Vestergaard proposed the following complex form for the stress function 
Z(z) " 2 2 1/2 (2-3) 
by substituting equation (2-2) and its derivative into equation (2-1), 
the stress components in the vicinity of the crack are given by 
e 39 
-sin — sin — ) + HOST 
2 2 
e 39 
•sin — sin — ) + HOST (2-4) 
2 2 
9 39 
3 — COS — ) + HOST 
2 2 
where HOST denotes a higher order stress terms and r and 9 are the polar 
coordinates with the origin at the crack tip. It was demonstrated that 
the shape of the caustic is virtually unaffected by the presence of 
higher order terms except when the crack tip reaches the boundary [14] . 
Through the use of the experimental method of photoelasticity, the 
Vestergaard equations have proven not to be accurate. Therefore, Irwin 
suggested adding a nonsingular term to the expression in equation 
(2-3) [15]. Sneddon concluded that for an edge crack only a^ /2 should 
be added to the stress distribution at the vicinity of the crack tip 
[16].  
Kl 9 
• cos — 
* y2nr 2 
Kl 9 
• COS — 
y ^2 ia  2 
K, 9 
— 
" sin — 
v/2nr 2 
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For mixed mode loading, the stress distribution equations often 
called the modified Vestergaard equations are: 
K, e 0 3 Kjj 0 0 3 
a • _ COS — (1-sin sin — 0)- sin — (2+cos — cos — 0)-«^  
" /ïiâ 2 2 2 /2iir 2 2 2 " 
Kt 0 0 3 Kjj 0 0 3 
a m —cos — (1+sin — sin — 0)+ zz: sin — (2+sin — cos — 0) (2-5) 
y y/ïîa 2 2 2 y/2ra 2 2 2 
Kj 0 0 3 K-j 0 0 3 
X  •  — s i n  —  c o s  — -  c o s  —  0  +  — z r  c o s  —  ( 1 - s i n  —  s i n  —  0 )  
,j2m 2 2 2 y/2m 2 2 2 
The addition of a or a /2 to the stress equations has no effect on 
mm
the shape of the generalized epicycloid using the experimental method of 
caustics as will be demonstrated in Chapter III. Since relations (2-5) 
were obtained by neglecting higher order terms in r, they may be 
regarded as approximations valid only in the region where r is small 
compared to the other dimensions of the specimen. These relations 
become exact in the limit as r-» 0. It is important to note that the 
method of caustics inherently provides information close to the crack 
tip where the theory of elasticity near field solution is valid. Thus 
the method of caustics can have an advantage over other optical 
techniques which require the use of data some distance from the crack 
tip. 
The method of caustics, also known as "Shadow Spot Method", has 
proven to be a powerful optical method to measure stress intensity 
factors at a crack tip for static and dynamic fracture mechanics 
problems. In the method of caustics, all of Kj and information is 
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obtained from the initial curve (the lens effect) of the caustic due to 
deformation in the close vicinity of the crack tip. 
The word caustic is Greek for focal line. The method of caustics 
is a relatively new experimental technique for determining SIP. The 
first attempt to use the caustics and their properties for studying 
singular fields in elasticity was made by Manogg in 1966 [17]. He 
developed the theory for the transmitted Mode I caustics only. 
Theocaris in 1970 developed the technique where he used the reflected 
light from both the front and rear face [11]. The technique was 
extended later by Theocaris and loakimides [18], Theocaris [19,20], 
Rosakis and Freund [21], Rosakis et al. [22], Kalthoff et al. [23], 
Beinert and Kalthoff [24]. As shown in Pig. 2-la, they determined Mode 
I SIPs by measuring the maximum transverse diameters (D^  of the 
caustics obtained from optically isotropic materials. Rosakis used the 
reflected-caustics from nontransparent materials and Kalthoff used the 
transmitted caustics through transparent materials. The method of 
caustics was extended to study Mode I SIP by using optically anisotropic 
transparent materials [25-27]. 
The shape of the caustic is a generalized epicycloid as shown in 
Pig. 2-la to Fig. 2-ld. Mode I effects the size of the caustic while 
mode II effects the shape of the caustics. A comparison between 
different Kj as normalized to Kj of Pig. 2-la (K^ )^ and u (u=Kjj/Kj) are 
listed in Table 2-1. 
The first attempt to study mixed mode SIP using the experimental 
method of caustics was made by Theocaris and Gdoutos in 1972 [12]. The 
reflected light from both the front and rear face of an optically 
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Isotropic material vas used. Mixed mode SIP was determined by measuring 
the maximum (D^  the minimum (D^  longitudinal diameters 
shown in Fig. 2-ld. This technique was used at Iowa State University as 
a part of this dissertation. It was used for the study of the 
interaction between two edge cracks and proved not to be a very accurate 
technique for that specific case. Theocaris [28], Theocaris and Razem 
[29], improved the technique by introducing the generalized epicycloid 
axis of symmetry. This axis can be determined experimentally from the 
inner caustic that results from the reflection of the light from the 
front face of a transparent material. The angle between the axis of 
symmetry and the crack axis along with the maximum transverse diameter 
of the external caustic Fig. 2-ld were used to determine Kj and Kj^ . It 
was established that the axis of symmetry of the reflected caustic 
represents the crack growth direction for a crack under combined 
environmental conditions and applied loads [30]. 
The experimental reflected caustics from nontransparent material 
and the transmitted caustics are shown in Figs. 2-2 and 2-3 
respectively. The transmitted caustic is of better quality than the 
reflected caustic, but the transmitted caustic does not provide enough 
information for determining mixed mode SIF. This is due to the lack of 
information required to establish the axis of symmetry. This is also 
the case for the reflected caustic from nontransparent materials. From 
Fig. 2-4 the axis of symmetry can be determined by drawing a 
perpendicular line to the flanks' tangent and passing through the cusp 
point. The transmitted caustic is widely used for the determination of 
Kçj. for stationary and propagating cracks under dynamic loading [31,32]. 
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Mixed mode SIF of a crack propagating with constant velocity can be also 
determined by using the reflected caustics from both the front and rear 
faces [33]. 
The reflected caustics from optically isotropic material have been 
used to study the influence of the boundary or other singularities on 
the crack tip and then compared to the available analytical solutions. 
The method vas used to study the interaction between two collinear and 
symmetric edge-cracks in addition to a single edge crack and a straight 
boundary [34]. It was also used to study the interaction between 
asymmetric collinear internal cracks of different lengths by varying the 
distance between the two cracks [35]. Theocaris also extended the 
method of reflected caustic to study mixed mode SIFs at bifurcated 
cracks where the side branch subtended different angles to the main 
branch [36]. 
Table 2-1. Comparison between four different 
cases for the epicycloids generated 
in Fig. 2-1 
Fig. No. K^ /K^ g u 
2-la 1.0 0 
2-lb 1.5 0 
2-lc 1.0 0.5 
2-ld 1.5 0.5 
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a. Mode I SIF 
max 
b. The effect of mode I 
Fig. 2-1. The shape and size of different generalized epicycloids 
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I 
X max 
min 
Node II techniques t max 
Axis of Symmetry 
Fig. 2-1. (continued) 
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Fig. 2-2. Reflected caustic from a nontransparent material 
Fig. 2-3. Transmitted caustic through a transparent material 
14 
Fig. 2-4. Reflected caustic from a transparent material 
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III. PHYSICAL AND MATHEMATICAL PRINCIPLES OF THE METHOD 
As discussed in Chapter II, two caustic techniques for the 
determination of mixed mode stress intensity factors (SIF) have been 
developed. The two techniques use only a limited amount of data points 
from a veil defined generalized epicycloid and can be applied only on a 
reflected caustic from a transparent material. The study presented in 
this dissertation takes advantage of the whole caustic image by taking a 
number of points from the epicycloid. One of the goals was to establish 
a new method which eventually will use only the inner caustic to 
determine SIFs. This would allow the use of the new method for 
determining mixed mode SIFs on nontransparent materials. 
In this chapter, the basic formulas and the procedure for the 
interpretation of K-factors are presented for the current methods that 
utilize the method of caustics and the new method. The three available 
methods are tabulated as, 1) the difference between the longitudinal 
diameters, 2) the epicycloid's angle of symmetry, and 3) an iterative 
least squares method. The physical principle and comparison between the 
theoretical and experimental caustics are discussed. The extent of the 
three dimensional region of the crack tip stress field and the effects 
of higher order stress terms are presented. 
16 
A. Physical Principle of the Method of Caustics 
The basic physical principle describing the method of caustics is 
shown in Fig. 3-1 [24]. Due to the high stress concentration in the 
region surrounding the crack tip, both the thickness and the refractive 
index of the material change. As a consequence, the area surrounding 
the crack tip acts similar to a divergent lens and is also called the 
initial curve. A monochromatic light beam emitted from a He-Ne laser 
impinges on the stressed cracked specimen. The reason for using laser 
light beam is that such a beam has a greater intensity than an ordinary 
light source beam and can be concentrated in the vicinity of the crack 
tip to produce a clear caustic. Due to the presence of the lens effect 
very close to the crack tip, the reflected or transmitted light rays are 
deviated outwards. These deviated rays are concentrated along a 
strongly illuminated surface in space, which forms the caustic surface. 
Screens in front and behind the specimen are placed parallel to the 
specimen and at distances Z^ . When the caustic surface is projected on 
these screens a singular curve, called the caustic, is formed on them. 
Thus, the stress singularity of the elastic field is transformed to an 
optical singularity represented by the caustic. The shape and 
dimensions of the caustic, which is always a generalized epicycloid 
curve, depend on the stress field singularity, material properties and 
experimental set up. 
The caustic is the resulting image of the light beam transmitted or 
reflected from the divergent lens. The transmitted or reflected light 
rays are deviated outwards as shown in Fig. 3-1 [24]. Thus, both the 
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crack tip and the Initial curve can not be seen on the caustic image. 
Therefore, any iteration technique used to locate the individual points 
on the caustic image should treat the crack tip location as an unknown. 
Furthermore, the reflected caustic from the front face is related only 
to the mechanical properties (E,v) of the material, whereas the 
transmitted caustic and the reflected caustic from the rear face are 
related to both the mechanical and optical properties of the material 
(E, V, n). 
The theoretical and experimental caustics are shown in Fig. 3-2. 
Both the crack tip and the initial curve can not be seen on the 
experimental caustics as mentioned earlier. Furthermore, the 
experimental inner caustic, resulting from the reflection from the front 
face, is not closed. This is due to the crack opening displacement 
(37,381. 
As mentioned before, Kj can be determined by measuring the maximum 
transverse diameter. Theoretically the relevant caustic line should be 
defined by the transition from the dark inner region to the bright rim 
of the caustic pattern. Due to the light diffraction effects, the 
caustic rim will have a band shape rather than a fine line. It was 
confirmed that correct results would be obtained if the line of maximum 
light intensity within the bright rim is considered [32,39]. More 
recently, the wave-optics aspects of caustic analysis has been used 
[40]. It was suggested that if the mean distance between the shadow 
edge and the first intensity peak was used, optimum accuracy in 
evaluating Kj would be achieved [41]. 
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Fig. 3-1. The principle of the method of caustics for transmission and 
reflection 
Fig. 3-2. Comparison between the theoretical and experimental caustics 
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B. The Basic Formulas and Procedures For Determining Mixed Node Stress 
Intensity Factors 
The reflected caustics from both the front and rear face of 
mechanically and optically isotropic materials are considered. The 
formulas for caustics transmitted or reflected from a nontransparent 
material are the same except for the optical path changes. The 
experimental setup is shown in Fig. 3-3. A light beam traverses the 
specimen at point P(r, v) in the object plane as shown in Fig. 3-4. The 
nondeflected beam would pass the shadow image plane, also called the 
reference plane, at point P^  ^defining the vector rj^ . Due to the 
presence of the lens, the reflected light beam is displaced to point 
P'(x', y') by a vector V. W* is a function of the coordinates r, v of 
point P. The vector r' of the image point P' is given as 
» rjjl + W* (3-la) 
When the light is slightly converging or diverging, the image size at 
the screen is not the same as that at the model. If the image 
magnification factor is X, then the vector r' of the image point p' 
becomes 
r . X rj]| + îT (3-lb) 
The shadow optical image is completely described by Equation (3-1). 
For each point P(r, v) in the vicinity of the crack tip, the 
corresponding image point P' of the shadow image is obtained. After 
passing the object, the reflected light beams form a caustic on the 
reference plane. As an envelope, the caustic is a singular curve of the 
image Equation (3-1) and the necessary condition for the existance of 
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such a singularity is that the Jacobian determinant is zero 
3x' 9y' 3x' 8y' 
9r 3v 3v 3r 
The vector r^  ^ is the projection of r onto the image plane and can easily 
be determined. The light beam impinges under a small angle of incidence 
on the specimen. It is partly refracted through the thickness, then 
partly reflected on the back surface, and again partly refracted through 
the thickness when emerging from the specimen. This twice refracted and 
once reflected part of the light ray is absolutely retarded when passing 
through the specimen according to Maxwell and Neumann's law. The 
absolute retardation of the light rays depends on the change of the 
refractive index and the thickness variation of the plate. The 
emerging wave front satisfies the Eikonal relation [42] according to 
which the gradient of the geometric wave front S is constant. The 
vector W* is given as 
W(r, v) = grad ûs(r, v) (3-3) 
where As is the change of the optical path length caused by the specimen 
and Zg is the distance from the model to the screen. The path length 
change ùa is correlated to the stresses o(r, v) by the basic 
elasto-optical equations. The change in the optical path is given by 
[20] 
As = Cp d (cTj+Oj) (3-4a) 
As = Cg d (a^ +Og) (3-4b) 
As « c^  d (a^ +à2) (3-4c) 
where c^  and c^  are the reflected from the front face and rear face 
stress optical constants respectively, c^  is the transmitted caustic 
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stress optical constant, d is the optical path thickness, and 
the princpal stresses. 
The stresses at each point near the crack tip are given by fracture 
mechanics equations (2-5). For mixed mode SIP, the sum of the principal 
stresses are 
Il V 12 V 
c.+e," (T+a • lg,J-—cos — - K^ j/—sin a (3-5) 
 ^  ^ * y y nr 2 V^nr 2 "" 
Introducing Equation (3-4) into Equation (3-3) yields 
W - d c grad (cj^ +Og) (3-6) 
where c is c, for the caustic reflected from the front face and c_ for I r 
the reflected caustic from the rear face. 
If the sum of principal stresses, Equation (3-5), is introduced in 
Equation (3-6), the deviation vector V in the cartesian coordinates 
(u,v) shown in Fig. 3-3 is given by 
. V V . V V . 
w»Sr [(K-cos K__sin )u + (K-sin + K__cos )v] (3-7) 
X 2 2 2 " 2 
Z dc 
Where 5 = "  . ( 3 - 8 )  
(2R)1'2 
From equations (3-1) and (3-7) the vector r' in the cartesian 
coordinates (x,y) is 
" —3/2  ^ 3 « 
r'-xi+yj m (r cosv + Sr~ (K_cos — v - K__sin — v)]i 
—3/2  ^ 3 « 
+ [r sinv + Sr~ (K-sin — v + Ky-cos — v)Jj (3-9) 
^ 2 2 
The evaluation of J=0 gives 
r= r^  = (38/2X)2/5 (3-10) 
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Equation (3-10) indicates that the constrained zone around the crack tip 
subjected to mixed mode deformation is a circle of radius r^  and is 
function of the distance and the model thickness d. Using 
Equation (3-10) in Equation (3-9) then the image equations become (' 
means screen coordinates) 
2 9 1/9 3 2 9 _iyo  ^
x' • r_(cos V + — (1+u )~ cos — v - — u(l+u )~ sin — vj (3-lla) 
® 3 2 3 2 
2 n 1/9 3 2 n _1/9  ^
y' • r^ fsin V + — (1+u )~ sin — v + — u(l+u )~ cos — vJ (3-llb) 
® 3 2 3 2 
where u is the ratio of The angle v varies between 0 and 4n, 
and the caustic image has the generalized epicycloid shape shown in Fig. 
3-5. The points on the epicycloid are located by drawing a vector of 
2  1 / 2  
magnitude 2r^ (l+u )~ /3 from the initial curve of radius r^ . This 
vector forms an angle of 3v/2 with the x axis. From the end of this 
2 -1/2 
vector another vector of magnitude 2r^ u(l+u )~ /3 is drawn 
counterclockwise perpendicular to the first vector. 
Solving relation (3-10) for and yields 
1.671 r 5/2 
K, °  2  1 / 2  (3-12a) 
 ^ Z^ dc (l+u2)l/2 
u . KJ J/KJ. (3-12b) 
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Fig. 3-3. Schematic reflected caustic setup 
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Fig. 3-4. Geometrical conditions of the caustic analysis 
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Fig. 3-5. Theoretical form of the 
Kjj/Ki-O.S 
caustic formed at a crack tip for 
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The current methods that utilize the method of caustics and the new 
method for the determination of mixed mode stress intensity factors are 
as follows. 
1. The difference between the longitudinal diameters method [12,18,28] 
This method was introduced by Theocaris and Gdoutos In 1972 (121 as 
a first attempt that utilizes the method of caustics to extract mixed 
mode stress Intensity factors. This method was developed for the 
determination of mixed mode SIFs in internal symmetric cracks at 
different angles. 
It can be concluded from equation 3-11 that the shape of the 
generalized epicycloid depends on the ratio u of the stress intensity 
factors. Four types of generalized epicycloids for different values of 
u are shown in Fig. 3-6. For u=0, the epicycloid is symmetric to the 
x-axis, which coincides with the crack direction. For u larger than 0 
the epicycloids are asymmetric and their tails cut the negative x-axis 
at different points. As the values of u are Increasing, the area 
contained by each principal generalized epicycloid is decreasing. Fig. 
3-7 [12] shows the variation of the maximum longitudinal diameter 
max' transverse diameter D^ , and the minimum longitudinal 
diameter D . as normalized to the initial curve radius r^  versus the 
X mm o 
ratio u. The definitions of the symbols used in Fig. 3-7 are 
dl-Dx max/'o' Bad, of the generalized 
epicycloids corresponding to each value of u has some particular 
properties, which are invariant. Thus, It is possible to make use of 
these invariant properties for interrelating the shape of the epicycloid 
to the corresponding value of u. Theocaris and Gdoutos concluded that 
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the most sensitive property is the distance along the negative x-axis. 
The ratio (D^  max determined from Che 
intersections of the curve with the x-axis. Fig. 3-8 [12] presents the 
variation of the ratio • = (D^  max'^ x min^ ^^ x max versus u. Introducing 
the terms D,/r^ , and „,„/r„ into Equation 
(3-12) gives 
1.671 =/« 
K, 575 7-T7J (0/5)='^ (3-13a) 
 ^ ZQdc)?'2(l+u2)i'2 
u-Kji/Ki (3-13b) 
where c is the reflected from the rear face stress optical constant. 
The ratio D/5 takes any of the values a^x^ m^ax' "t^ '^ "x min^ m^in* 
Thus, mixed mode SIFs can be determined by determining the ratio # from 
the experimental caustic image. With the experimental value of t, Fig. 
3-8 give the corresponding value of u which can be used in Fig. 3-7 and 
Equation (3-13) for the determination of Kj and K^ j. 
Some of the generalized epicycloid properties were studied by 
Theocaris [20]. The maximum distance from the crack tip to the caustic 
curve is OM shown in Fig. 3-9. OM = 5r^ /3. The minimum distance is 
from the crack tip to the cusp point ON and ON = r^ /3. Therefore, the 
crack tip can be located by measuring the distance b shown in Fig. 3-9 
and OM/ON = 4. The disadvanteges of this method are: 
1. The difference between and can not be seen in many 
experimental situations. For example see Figs 2-2 and 2-4. 
2. The crack tip location can not be determined accuratly in actual 
caustic experiments. 
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Fig. 3-6. Variation of the theoretical form of the caustic with 
ratio K J J/K J  
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Fig. 3-6. (continued) 
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2. The epicycloid's angle of symmetry method [18,20,28,29] 
Theocaris improved this technique by relating mixed mode SIFs to 
the maximum transverse diameter and the axis of symmetry of the 
generalized epicycloid. Introducing the complex stress intensity factor 
K* • K^ -iK^ ,^ that is |K*|^ = Defining the argument of the 
* 
complex SIP K as -w, Equation (3-11) can be written as 
2 3 
X ' B  r^ Icos V + cos(— V +(O)J (3-14a) 
° 3 2 
2 3 
y'« z' [sin v + sin(— v +w)l (3-14b) 
0 3 2 
Taking into consideration that z'=x'+iy'-p exp(i+), it can be shown that 
the epicycloid is a symmetric curve to the x axis which subtends an 
angle to -26) with the x-axis. Furthermore, the maximum transverse 
diameter ^^ -^3.17r^  . Then mixed mode SIFs can be determined from 
Kj - 0.3735(D|/X)5/2(l+u2)-l/2/|c| (3-15a) 
Kj = 6.6843(rQ/X)5/2(i+u2)-l/2/|c| (3-15b) 
where 
u-tan 0) •tan(e /^2) (3-16) 
|c| is the overall constant = AcZ^ t/X 
Thus, mixed mode SIFs can be determined by using the angle between 
the axis of symmetry and the crack axis along with the maximum 
transverse diameter. The axis of symmetry can be determined by drawing 
a perpendicular line to the flanks' tangent and passing through the cusp 
point as shown in Fig. 3-9. It has been proven that the maximum 
transverse diameter is always parallel to the common tangent of the cusp 
internal caustic. 
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Fig. 3-9. The epicycloid's angle of symmetry 
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3. An Iterative least-squares method 
The two previous techniques use only a limited amount of data from 
the well defined generalized epicycloid to extract Kj and K^ j. If there 
are errors in locating these data points, then the accuracy of the Kj 
and Kjj results suffer. Furthermore, the two techniques can be applied 
to only the reflected caustics from a transparent material. In order to 
reduce the amount of possible error, more data points from the 
generalized epicycloid should be taken. Then by locating a number of 
data points on the inner and outer caustics r^ , Kj and can be 
determined. One of the goals of this dissertation was to eventually use 
the inner caustic to determine mixed mode stress intensity factors. 
This would allow the use of the method on nontransparent models which is 
of most interest. The least squares method has been applied to 
photoelastic problems by taking a number of data points from the whole 
field fringe pattern [43]. In order to use the whole caustic pattern an 
overdeterministic approach is used. A number of points from the 
generalized epicycloid are located. One problem that is immediately 
noted is that the location of the crack tip is obscured by the caustic 
as discussed earlier. Thus, the method presented treats the crack tip 
location as an unknown along with Kj, and r^ . 
In Fig. 3-lOa a line is drawn from the initial curve circumference 
to the point on the epicycloid. If ^  denotes the angle ABC it can be 
seen that the angle is related to the mixed mode SIFs as follows 
tan = AC/BC = u (3-17) 
Therefore, from Equations (3-16) and (3-17) it is found that From 
Fig. 3-lOa it is seen that 
36a 
w + v/2 -0 (3-18) 
and 
AB- 2r /3 (3-19) 
o 
where 6 Is the angle from the initial curve circumference to the axis of 
symmetry of the epicycloid. If (x^ , y^ ) is the estimated location of 
the crack tip, then the measured length between the estimated crack tip 
and the point on the caustic (inner or outer) LM can be determined from 
Fig. 3-lOb 
LM-I(x-X^ )2 + (y-yo)2]l/2 (3-20) 
From Fig 3-lOa and by using the law of cosines 
LE- [rQ(13+12 cos 0/2)1^ ^^ /3 (3-21) 
where LE is the distance from the expected crack tip location to the 
point on the epicycloid (inner or outer). By using the law of sines, 
the angle a can be determined as 
2 sin 0/2 
sin a = 1 (3-22) 
(13 +12 cos 0/2)^ "^^  
For a perfect fit the residuals e between LE and LM would be zero. 
However, the residuals are generally not zero and a best fit can be 
obtained by making them as small as possible. This is accomplished when 
the sum of the squares of the residuals is minimum [44]. That is 
S(LE-LM).^  - E[g.(r^ , x^ , y„, 0 )]^  - E(e,)^  - minimum (3-23a) 
1.1 i 1 o o o o 1 
where n is the number of data points and must be larger than 4. 
Minimizing the sum of squares of the residuals yields 
n 3g, 
îg —i.=0 (3-23b) 
i=l^  3Aj 
y 
v/2 
Fig. 3-lOa. Geometry of the principal epicycloid 
caustic curve 
(x,y) 
LM 
LE 
crack tip 
Fig. 3-lOb. The difference between LM and LE 
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where Aj • (r^ , x^ , y^ , 0^ ). If Is evaluated at Initial values 
(r , y__,9L_), the function g. can be found using a Taylor series 
op op 'op op 1 
expansion [45]. 
gi(Aj)-
9A. V\ 
(Aj-Ajp) (3-24) 
The initial values may be intelligent guesses or preliminary 
estimates based on available information. From equations (3-23) and 
(3-24) 
[M] [B] o - [Ml [MJ'[M1 (3-25) 
where 
[M] 
3gl 
3^ 0 
f!i 
ae_ 
@r_ 
(3-26a) 
ae_ 
[M]  
[BJ 
(3-26b) 
(3-26c) 
Sr 
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r 0 
gj - -J (13+12 cos —J - [(Xj-x^ )^ +(yj-yjj)^ ]^ ''^  (3-27) 
The angle of the points on the caustic with respect to the estimated 
crack tip is 
•. • arc tan — (3-28) 
'^ i - '^ o 
The angles are positive counterclockwise. From Fig. 3-10 the angle 9 
can be found from 
2 sin e./2 
8, - #, - arc sin ( T75~) " ®n (3-29) 
 ^  ^ (13+12 cos 0^ /2 )i'^  ° 
All iterative procedures require initial values of the parameters to be 
determined. All available information should be used to make these 
starting values as reliable as possible. Good starting values will 
often allow an iterative technique to converge to a solution fast. The 
procedure for determining the best fit values of the four unknowns (r^ , 
*o' ^ o' ®o^  follows; 
1. Assume initial values of r^ , x^ , y^ , . A technique for 
estimating x^  and y^  utilizes the fact that b/c = 4 in Fig. (3-9). The 
distance b can be measured from the caustic and is used in estimating 
the crack tip location [28]. The initial curve value can be estimating 
by measuring the maximum transverse diameter where ^^ «^3.17 r^ . The 
angle between the axis of symmetry and the crack direction gives an 
estimate for 0^ . A nonzero positive value for r^  is used. No 
difficulties were encountered even with r^  being 1/3 or 3 times the 
actual value. 
2. Evaluate from equation (3-28) for each data point. 
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3. Compute from equation (3-29) for each data point by FNROOT 
program [46]. 
4. Evaluate the elements of matrices [M] and [B] for each data point 
from equations (3-26a) and (3-26c) respectively. 
5. Compute [M] by Gauss Elimination method from equation (3-25). 
6. Repeat steps 2, 3, 4 and 5 with 
+ 0^ (3-30a) 
+ 0^ (3-30b) 
(^ o^ n+l'^ o^^ n + % (3-30c) 
<®o>n.l-<®o>n + 6*0 (3-30d) 
until the absolute average error [M] becomes small using CAUSTIC 1 
program [47]. See the appendix for listing of the program. 
7. Calculate and using Equations (3-15) and (3-16). 
Several epicycloids with different sizes and shapes were generated 
similar to the one shown in Fig. 3-9. A digital image analysis system 
was used to determine the coordinates of selected points on the caustic. 
The crack tip was treated as unknown, the initial curve value was 
assumed to be 50% of its real value and the angle of symmetry was taken 
to be 30° the actual value. The angle v must range from 0 to 4n in 
order for the complete caustic to be traced and obviously the angle * 
has the same range. Without additional information the computer program 
can not tell whether or not a point on the caustic is in the 0 to n, n 
to 2n, 2n to 3n or 3n to 4n range for $. In actual experimental 
situations, the regions on the inner caustic from point a to b and point 
c to a are not visible because of the crack opening displacement. The 
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visible inner caustic regions be and cd (the only parts of the inner 
caustic considered) are in the range of * between n to 2a, 2n to 3n 
respectively. The distinction of these tvo regions during the iteration 
was made from the fact that the distance LN is always less than the 
initial curve radius r^  as shown in Fig. 3-11 and # equals *+2a. The 
region oa of the outer caustic can be picked automatically since it is 
in the range 0 to n. Although the region ae (due to of the outer 
caustic seems to be in the range 0 to n, it is actually part of the 
region in the range 2it to 3n. This part is predicted from the fact 
is less than n, LM is greater than r^  and * is *f2n. The region eo of 
the outer caustic is in the range 3ii to 4ii as predicted from the 
negative # and then **4n-t. The differences between the actual r^  and 
6^  values and the iterative least squares technique (ILSM) values were 
extremely small as shown in Table 3-1. 
Table 3-1. Comparison between the generalized 
epicycloids and ILSM 
Parameter Generated 
values 
Initial 
estimates 
ILSM 
results 
fo 1.5 0.5 1.5132 
Kii/Ki 0 0.4 1.368x10"* 
fo 1.0 2.5 1.0256 
Kii/Ki 0.15 0 0.1526 
Co 1.5 3.0 1.4965 
Kii/Ki 0.3 — 0.2 0.296 
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C. The Three Dimensional Effects and The Effects of the Presence of 
Higher Order Terms 
It has been demonstrated experimentally that the radius r^  of the 
initial curve affects the results and it is necessary to use a value of 
r^  larger than a definite one [48]. The extent of the three dimensional 
region of the crack tip stress field has been Investigated. It vas 
concluded that plane stress conditions prevail at distances from the 
crack tip greater than 0.5 times the plate thickness [49]. It has been 
demonstrated that if r^  is not large enough in comparison to the 
thickness of the specimen the three dimensional effects produce 
significant errors and r^  should be at least 0.4 times the plate 
thickness [50]. 
The analysis of the caustic equations are based on neglecting the 
higher order terms in Equations (2-4) and (2-5). Neglecting higher 
order terms could produce significant errors in determining stress 
Intensity factors. It vas demonstrated theoretically that, except in 
extreme cases, the shape of the caustic is virtually unaffected by the 
presence of higher order terms. Hovever, neglecting the higher order 
terms can result in significant errors vhen the crack in a blrefrlngent 
material approaches the boundary [14,51,52,53]. It vas proven 
experimentally that the near field solution (neglecting higher order 
terms) is accurate using optically Isotropic materials. It vas 
concluded that there is no necessity to resort to higher approximation 
solutions [54]. 
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D. Methods of Determining the Stress Optical Constants 
In addition to the experimental setup and the model thickness, 
and Kjj. depend on the stress-optical constant for either the transmitted 
or reflected caustic (Equations 3-13a and 3-15). Studies that utilize 
the method of caustics usually use an optically isotropic material 
(PMMA, plexiglas) to extract and although a blrefringent model 
material can also be used. 
The experimental method of caustics has been used on cracked plates 
subjected to an uniaxial tensile load to determine the transmitted and 
reflected stress-optical constant. The maximum transverse diameters of 
the two caustics are used along with Poisson's ratio, Young's modulus, 
and the two magnification factors to determine the optical constants. A 
new technique has been developed to determine stress-optical constants 
for the transmitted caustic and the caustic reflected from the rear 
faceof the model. The method does not require the use of Poisson's 
ratio or Young's modulus. The reflected caustic from the plate with a 
small circular hole will directly give the reflected stress optical 
constant. The transmitted caustic will directly give the transmitted 
stress-optical constant. 
The current method and the new technique for the determination of 
the stress optical constants are as follows. 
1. The technique of using a cracked plate [55,56] 
If a cracked plate is subjected to the opening mode only, then 
Equation (3-15) becomes 
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Kj - 0.3735 (D[/X)5/2 / |2c^ '| (3-31) 
For the transmitted caustic the opening mode can be determined from 
Kj - 0.3735 (D^ /XyS/Z / |cj (3-32) 
where c^  is the transmitted stress-optical constant. If the 
magnification factors for the transmitted and reflected caustics are not 
the same, then from Equations (3-31) and (3-32), c^  is related to c^  by 
®^r (_^ )5/2^ __\j3/2 (3-33) 
t^ ''tt \ 
where and are the reflected and transmitted caustics transverse 
diameters, respectively. 
The change of the optical path of the reflected light from the rear 
face (Mach-Zehnder interferometer) is given by Equation (3-4a). The 
change of the optical path of the transmitted light (Fizeau 
interferometer) is 
ÛS = C^ D(aj+FF2) (3-34) 
It has been proven that the relationship between c^  and c^  [53-54-57-
58] is 
Cr«Ct+v/E (3-35) 
where v is the Poisson's ratio and E is Young's modulus. 
Thus the stress optical constants can be determined from Equations 
(3-34) and (3-35). This can be done by determining v, E, and 
the magnification factors. 
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2. The technique of using a circular hole in a plate 
There is no need to obtain both caustics if only one stress optical 
constant is needed. The first technique has been used to determine the 
transmitted and reflected stress-optical constants. The maximum 
transverse diameters of the two caustics are used along with Poisson's 
ratio, Young's modulus and the two magnification factors to determine 
the optical constants. Any measurement error in any of the six 
quantities will result in errors in both stress optical constants. 
A new technique has been developed to determine both the 
transmitted constant and the reflected constant associated with the 
light reflected from the rear face of the plate. The physical principle 
of the method of caustics is extended to the determination of the 
stress-optical constant by applying the method of caustics in the region 
very close to a circular hole in a thin plate. Due to the high stress 
concentration in the region surrounding the hole, both the thickness and 
the refractive index of the material will change. As a consequence, the 
area surrounding the hole acts similar to a divergent lens. A thin 
plate of infinite length and width with a circular hole subjected to a 
uniform tensile stress in the y direction as shown in Figure 3-12 is 
considered. The two dimensional stress field about the hole can be 
determined by the following stress equations in polar coordinates given 
by 159]. 
a a^  3a^  
a = =2. [(!_ -^  ) [1+ ( _ i)cos 26]} (3-36a) 
I i 3:: 
<Tg = — 1(1+ -y- ) + (1+ —— )cos 20] (3-36b) 
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a 3a^  
\e • 2^  T" > 2" )8in 20] (3-36c) 
where a is is the uniform stress in the y direction and a is the 
o 
circular hole radius. Following Equations (3-1) to (3-6), the only 
change is the stress Equation (3-5). Using Equations (3-36), the sum of 
the principal stresses and Og a thin, infinite plate with a 
circular hole subjected to uniaxial tensile load is 
'o 4a2 
2+ —g- cos 26) (3-37) 
2 r 
where a is the uniform stress in the y direction and a is the circular 
o 
hole radius. From equations (3-6) and (3-37) 
o 4a^  
W- Z dc^  . -2-(2+ —cos 20) (3-38) 
' 2 r 
c_  ^is the reflected from the rear face and the transmitted stress-
optical constant, respectively, d is the optical path thickness. The 
vector V in the cartesian coordinates (u, v) is 
Wss 5 r~^  (cos 20 u+sin 20 v) (3-39) 
where « 
5 = 4Z^ cdaQa^  (3-40) 
c is c^  for transmitted case and c^  for the light reflected from the 
rear face. From Equations (3-1) and (3-39), the vector r' is 
r'a xi+yj = (r cos 0f8r~^  sin 30)i + (r sin0f6r~^  sin 30)j (3-41) 
The caustic is a singular curve and should satisfy Equation (3-2). The 
evaluation of J=0 gives 
r = r^  = (35)1/4 ^  (izz^ cda^ )!'* (3-42) 
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Equation (3-42) indicates that the constrained zone around the circular 
hole subjected to uniaxial tensile load is a circle of radius r^  and 
is a function of the hole size, the distance and the model thickness 
d. When the light is slightly converging or diverging, the image size 
at the screen is not the same as that at the model. If the image 
magnification factor is X and substituting Equation (3-42) in Equation 
(3-41), then the image equations becomes (' means screen coordinates) 
x'« X r (cos 0 + — cos 30) (3-43a) 
° 3 
y'« X r (sin 0 + — sin 30) (3-43b) 
° 3 
The angle 0 varies between 0 and 2n, and the theoretical caustic image 
has the shape shown in Fig. 3-13. The points on the caustic are located 
by drawing a vector of magnitude r^ /3 from the initial curve of radius 
r^ . The r^ /3 term forms an angle of 30 with the x axis. Taking into 
consideration that z'=x'+iy'=p exp(i*), then it can be shown that 
1 
P=R [cos(0-*)+ —cos(30-*)] (3-44) 
° 3 
It is obvious that p has the maximum value when 0=*=Oor0=*=n. 
Thus, from Equation (3-44), the maximum distance from the center is 
"max" "7" ''o (3-45) 
therefore, the maximum transverse diameter along the x' axis is 
W — <3-46) 
From Equations (3-42) and (3-46) we obtain 
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cO.001648 /(Z daVx^ ) (3-47) luSX O O 
Thus, the stress-optical constants can be determined by measuring the 
maximum longitudinal diameter from the caustic image as shown in Fig. 
3-13. The reflected caustic from the plate with a small circular hole 
will directly give the reflected stress optical constant. The 
transmitted caustic will directly give the transmitted stress optical 
constant. The method does not require the use of Poisson's ratio or 
Young's modulus. 
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IV. MIXED MODE STRESS INTENSITY FACTORS EXPERIMENTS 
The experimental method of caustics Is a relatively new method. It 
has been widely used to estimate Mode I stress intensity factor for 
static and dynamic loading. Because the transmitted caustic has a 
sharper optical quality than the reflected caustic, it has been commonly 
used to determine Mode I. However, the transmitted caustic does not 
provide sufficient information to determine mixed mode stress intensity 
factors. Although the reflected caustics from the front and back face 
have a great potential to determine mixed modes SIFs, they are not 
widely used. 
In this chapter, the methods from Chapter III-B are used to 
determine mixed mode SIFs. An interaction between two edge cracks was 
studied. A comparison between the experimental and the available 
numerical values are presented. 
The detailed procedures from the preparation of the models to the 
final results are discussed and described. 
A. Test specimen 
1. Material and model preparation 
The material used for all models was polymethyl methacrylate (PMMA, 
plexiglas). In most experiments, plexiglas is proven to be a suitable 
material. It has the advantage of being a mechanically and optically 
isotropic material. Furthermore, it does not present an extensive 
plastic zone at room temperature even in the close vicinity of 
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the crack tip for sufficiently large loading. The material properties 
of plexiglas are given in Table 4-1. 
While the exterior geometry vas easily machined, achieving proper 
crack tip conditions was important. For the simple linear approach of 
the stress distribution around a stationary crack it is sufficient to 
replace an edge crack with an external slit which is perpendicular to 
the longitudinal boundary of the model and has a very small radius of 
curvature. The selected plates were first machined to their final 
sizes, the slit was then made by means of a metallic disc cutter with a 
thickness on the order of 0.006" to 0.008". Since, the root radius of 
the slit was sufficiently sharp, radius of curvature approaching zero, 
the slit simulates a real edge crack. 
Table 4-1. Material properties of plexiglas 
Property Symbol Value 
Poisson's ratio v 0.33 
Young's modulus E 3.34 Gpa 
4.84 X 10^ psi 
Reflected from the front c, 
face stress-optical constant 
0.988 X 10"J® mf/N 
0.681 X lOr* inr/lb 
Reflected from the rear c 
face stress-optical constant r 
3.22 X 10"P m^ /N 
2.22 X lOT* in^ /lb 
Transmitted stress-optical c 
constant t 
1.11 X 10"J® m?/N 
0.77 X lOr* InT/lb 
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2. Model geometries 
For the determination of mixed mode stress intensity factors, an 
interaction between two edge cracks was studied. Two different cases 
were considered using plexiglas with a thickness of 1/8". In the first 
case an interaction between two equal length edge cracks was studied. 
The shape and size of the machined cracked specimen is shown in Fig. 
4-1. The effect of the far boundary on the crack tip was kept small by 
holding the ratio of a/V to less than 0.137. To insure a uniform 
tensile type load, which produces a uniform far field tensile stress, 
models with the dimensions shown in Fig. 4-1 were used. Final 
dimensions of the six models used are shown in Table 4-2. All models 
were taken from the same plexiglas sheet. 
Table 4-2. Geometrical parameters of equal length crack 
specimens* 
Specimen 
No. 
a 
(inch) 
b 
(inch) 
c 
(inch) 
d 
(inch) 
H 
(inch) 
W 
(inch) 
lA 0.25 0.25 4.195 4.180 0.125 1.827 
2A 0.25 0.25 4.135 4.115 0.25 1.835 
3A 0.25 0.25 4.052 4.073 0.375 1.833 
4A 0.25 0.25 3.96 4.03 0.50 1.823 
5A 0.25 0.25 3.82 3.93 0.75 1.825 
6A 0.25 0.25 3.48 3.52 1.50 1.830 
*See Figure 4-1 for the definition of the symbols. 
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In the second case an interaction between unequal length edge 
cracks was studied. The size and shape of the specimens are shown in 
Fig. 4-2. The effect of the far boundary on the crack tip was kept 
small by holding s/V less than 0.164 and 1/V less than 0.21. All models 
are taken from the same plexiglas sheet and the final dimensions of the 
six models used are shown in Table 4-3. 
Table 4-3. Geometrical parameters of unequal length crack 
specimens* 
Specimen 
No. 
s 
(inch) 
1 
(inch) 
c 
(inch) 
d 
(inch) 
H 
(inch) 
W 
(inch) 
IB 0.3 0.4 4.13 4.17 0.2 1.826 
2B 0.3 0.4 4.035 4.065 0.4 1.829 
3B 0.3 0.4 3.97 3.93 0.6 1.826 
4B 0.3 0.4 3.85 3.85 0.8 1.835 
SB 0.3 0.4 3.63 3.67 1.2 1.831 
6B 0.3 0.4 3.1 3.06 2.4 1.831 
*See Figure 4-2 for the definition of the symbols. 
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Pig. 4-2. Model B geometries of unequal length cracks 
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B. Experimental Setup 
The experimental set up for the reflected caustic is shown in Fig. 
4-3. A monochromatic and coherent light beam emitted from a point 
source He-Ne laser, which is widened by spatial lens, impinges normally 
on the plexiglas cracked model. Divergent light is used primarily to 
enlarge the caustic image. The light is partially reflected from the 
front and eventually the rear face of the model. The deviated light 
rays from the area surrounding the crack tip are projected on the screen 
which is parallel to the model. 
If the coordinates of the focus of the lens are not zero, then the 
optical axis of the lens is not coinciding with the center of the crack 
tip and a translation of the caustic takes place. A noncoincidence of 
the axis of the light beam and the crack tip produces only a 
displacement of the caustic without any modification in shape, size and 
relative position of the internal part or the external part of the 
caustic. The rotation of the the model about the x and y axes produces 
a light beam that is not perpendicular to the specimen. This rotation 
creates only a translation of the caustic without effecting the size, 
shape and relative position of the caustics. However, a rotation of the 
screen distorts the caustic image. Therefore, the screen should be 
always parallel to the model. 
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C. Calibration Procedure 
1. Calibration of the stress optical constants 
Although the reflected caustics were used for the determination of 
mixed mode stress intensity factors, the transmitted caustic was needed 
to determine the reflected from the back face stress optical constant. 
This is discussed in Chapter III Section D. An artificial edge crack, 
which is perpendicular to the longitudinal boundary, was seen in the 
middle of the calibration model. The crack is inserted the same way as 
the two edge cracks used for Models A and B. This will take care of the 
residual stress, if any exist. The residual stress can be predicted 
from the small pseudocaustic it produces. The residual caustic 
can be eliminated by applying a small compressive load and the zero load 
level is taken as the point when the pseudocaustic disappeared. 
The transmitted and reflected caustics diameters along with the two 
magnification factors were measured. They are used in addition to the 
Poisson's ratio and Young's modulus to determine the stress-optical 
constant. The reflected from the back face stress optical constant was 
determined using Equations (3-33) and (3-35). The resulting values are 
shown in Table 4-1. The transmitted caustic, Poisson's ratio and 
Young's modulus would not be needed using the technique of a central 
hole in a plate discussed in Chapter III-D, but this technique had not 
yet been developed when the experiments were conducted. 
2. Optical calibration 
The screen must always be parallel to the model. The rotation of 
the screen effects the shape and size of the caustic. The magnification 
59 
factor X can be determined by using the following relation; 
any length in the reference plane 
X • ————————————— (4-1) 
corresponding length in the image plane 
However, if the screen is not parallel to the model, an error in the 
evaluation of magnification factor is obtained. This can be eliminated 
by using the well known divergent light magnification factor law: 
X - 2_i (4-2) 
Zi 
where is the distance between the divergent light source and the 
model and Z is the distance between the model and the screen. 
o 
The difference between the calculated magnification factor from 
Equations (4-1) and (4-2) indicates the extent of the errors. The main 
error is that the screen is not parallel to the model and can be easily 
eliminated. 
D. Test Procedure 
The tests for each model were conducted as follows. After the 
calibration stage, the test model was statically loaded in tension. The 
model was loaded by using the loading frame shown in Fig. 4-4. The 
static load was read on the load cell readout. The load range on the 
load cell readout is from 0 to 200 lb. The range of applied load was 
from 100 lb to 170 lb. To reduce the three dimensional effect, the load 
level was used that gave r^ /d greater than 0.4, where d is the model 
thickness and r_ Is the initial curve size. The initial curve can be 
o 
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determined from [24] 
Thus, the initial curve radius (the lens size) can be determined by 
measuring the maximum transverse diameter of the outer caustic. For the 
determination of mixed mode SIPs, the angle between the axis of symmetry 
and the crack axis along with the maximum transverse diameter of the 
external caustic were needed (Chapter III-B). The angle of symmetry was 
determined from the inner caustic resulting from the reflection from the 
front face. The axis of symmetry was traced by drawing the tangent to 
the two flanks and a normal to this tangent passing through the cusp 
point. The maximum transverse diameter was determined from the 
outer caustic resulting from the reflection from the rear face. 
Is always parallel to the tangent to the two flanks and is a tangent to 
the external caustic. 
Fig. 4-3. Experimental reflected caustic setup 
19 
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E. Data Analysis and Results 
1. Mixed mode SIFs by epicycloid's angle of symmetry 
Theocaris developed the the method of caustics using the reflected 
light from both the front face and the rear face for the determination 
of Mode I and mixed mode stress intensity factors. In his measurement 
of the maximum transverse diameter, the inside diameter of the caustic 
rim was considered. According to References 24 and 50, for experimental 
determination of dynamic stress intensity factor using the transmitted 
caustic, correct results are obtained when the line of maximum intensity 
within the caustic rim is considered [60] (in German). Most recently, 
after the auther had finished all the experiments, it was suggested that 
the average distance between the caustic edge and the maximum intensity 
point should be considered 141]. 
For the evaluation of mixed mode SIFs for Models A and B the inside 
diameter of the outer caustic was considered. The points of the maximum 
light intensity were not considered. The auther was unaware of 
Reference [60] at the time the interaction between two edge cracks was 
studied. However, the points with the maximum light intensity were 
considered (for Model 3B) for the measurement of the maximum transverse 
diameter in the comparison with the iterative least squares method. 
This will be discussed in the next section. 
The estimated Kj/Kjq and values are compared to values 
obtained from using the numerical displacement discontinuity methods 
[61]. The SIFs results and the percentage difference between the 
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experimental and numerical results for Model A are shown in Table 4-4. 
The numerical and experimental results from Table 4-4 for K^ /K^ Q and 
Kjj/Kjo are plotted on Figs. 4-5 and 4-6 respectively. The definitions 
of the symbols used in these figures and tables are: 
Kj. and are Mode I and Mode II stress intensity factors, 
respectively. 
is the nondimensional Mode I stress intensity factor 
*11^ *10 nondimensional Mode II stress intensity factor 
Kio - a na, normalized stress intensity factor 
o is the applied stress as calculated from P/A (P is the applied load 
and A is the cross sectional area) 
a is the edge crack length 
H is the distance between the slits 
X difference is the percentage difference between the experimental and 
the numerical values as calculated from: 
Experimental value - Numerical value 
X difference = ————————————————————— (4-4) 
Average of the experimental and numerical values 
For Model B, the estimated and results and the 
numerical values for crack tip S and L (Fig. 4-2) are shown in Tables 
4-5 and 4-6, respectively. A comparison between the numerical and the 
experimental and values for crack tip S is shown in Figs. 
4-7 and 4-8 respectively. Fig. 4-9 shows the numerical and experimental 
KJ/KJQ values for crack tip L and Fig. 4-10 shows values. 
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Table 4-4. Experimental and numerical results for model A 
Model Kl/Klo Kl'Klo % Diff. o 
M
 
o
 
M
 
X Diff. 
No. Exp. Num. Exp. Num. 
lA 0.74 0.797 7.41 0.16 0.152 5.1 
2A 0.877 0.85 3.1 0.131 0.132 0.7 
3A 0.904 0.885 2.1 0.117 0.109 7.1 
4A 0.89 0.915 2.7 0.093 0.085 7.9 
5A 0.94 0.96 2.1 0.057 0.054 5.4 
6A 1.043 1.052 1.0 0.0109 0.012 9.1 
Table 4-5. Experimental and numerical results for model B tip S 
Model Kl/Klo Kl'Klo X Diff. Kll'Klo Kll'Klo X Diff. 
No. Exp. Num. Exp. Num. 
IB 0.42 0.397 5.6 0.168 0.172 2.3 
2B 0.65 0.635 2.3 0.144 0.158 9.1 
3B 0.706 0.745 5.3 0.128 0.126 1.5 
4B 0.836 0.819 0.9 0.0868 0.0939 7.5 
5B 0.91 0.92 1.1 0.054 0.053 1.8 
6B 1.054 1.048 0.5 0.0108 0.011 1.7 
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Table 4-6. Experimental and numerical results for model B tip L 
Model Kl/Klo Kl/Klo % Diff. Kll/Klo *Il/*Io X Diff. 
No. Exp. Num. Exp. Num. 
IB 1.09 1.062 2.6 0.045 0.049 8.4 
2B 1.028 1.01 2.7 0.081 0.075 7.6 
3B 0.950 0.995 4.6 0.069 0.0705 2.5 
4B 1.01 0.998 1.2 0.061 0.0582 4.6 
5B 1.03 1.04 0.9 0.036 0.037 2.7 
6B 1.086 1.08 0.5 0.0 0.0072 0.0* 
 ^KjExp./KjNum. 
The size of the initial curve r^  affects Mode I stress intensity 
factor as discussed in Chapter III (Section C). The initial curve size 
r is calculated by measuring the maximum transverse diameter D and Q L ni3X 
using Equation (4-3). The initial curve size is normalized to the model 
thickness to show the three dimensional effect for Model A, Fig. 4-11. 
The experimental SIF is normalized to the numerical value. The r^ /d 
versus the normalized SIF for tips S and L (model B) are shown in Figs. 
4-12 and 4-13, respectively. The results of Kj/Kjq and are 
discussed in section F. 
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2. Mixed mode SIFs using an Iterative least squares method 
To determine pure mode one stress intensity factor the transmitted, 
the reflected from a nontransparent material, or the reflected from a 
transparent caustic can be used. Kj can be calculated by using only two 
data points which define the maximum transverse diameter. An error in 
locating these two points would cause error in calculating Kj using any 
of the three techniques previously discussed. Mixed mode SIFs can be 
determined using the reflected caustics from a transparent material by 
using only five points. The question posed is "Why do we use only two 
or five points from the well defined epicycloid and not any other 
points?". In order to use a large number of points the iterative least 
squares method (Chapter III) was used. 
Two cases of different and values (Model 3B) were 
considered. The calibration technique and the material properties • 
remained as before. The experimental set up is the same except that the 
camera was replaced with a video camera and the digital image analysis 
"EYECOM III" shown in Fig. 4-14. 
The EyeCom unit consists of an image scanner, a real time 
digitizer, a display system, and a minicomputer [62]. The image scanner 
consists of a special vidicom television camera. The picture is divided 
into 480 lines and each line is divided into 640 picture elements, 
called pixels. The brightness or the light intensity of each pixel is 
converted into digital values (Z values). The real time digitizer 
digitize the image in 1/30 second and stores the resultant values in a 
fresh memory where it can be accessed later by the computer. The 
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display system or the monitor visualizes the information and acts as a 
graphics terminal for data processing and graphical data displays. Fig. 
4-15 is a schematic diagram of the system. 
A light intensity profile was generated and used to automatically 
pick the highly illuminated Individual points on both the inner and 
outer caustics. The effects of the number of points on and 
values for tip S and L aire shown on Tables 4-7 and 4-8, respectively. 
In order to take pof.nts from the inner caustic and use the 
iterative least squares technique (Chapter III), a correction factor 
must be used. This is due to the fact that the stress optical constant 
in Eq. (3-15b) is associated with the outer caustic. The correction 
factor can be calculated from Eq. 3-10 and Table 4-1 as follows: 
(:o)r/(fo)f • -(3.22x10-10/0.988x10-10)2/5.1.604 (4-5) 
Therefore, every point location on the inner caustic must be multiplied 
by the correction factor (Eq. 3-11). 
The graphical capability of the digital image analysis was used to 
visualize the generalized epicycloid characteristics. The initial 
values of the four unknown parameters (r^ , x^ , y^ , 6^ ) were estimated 
based on the the available information as follows: 
1. The initial curve r^  value was estimated by measuring the 
longitudinal diameter (D^ B3r^ ). This was done by using CAUSTIC 1 
program [46] by specifying the two flanks points and the cusp point 
of the inner caustic. A perpendicular line to the flank's tangent 
passing through the cusp point would be drawn, which was the axis of 
symmetry of the caustics, and intercepting the outer caustic on two 
points which defined the maximum longitudinal diameter. The 
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parallel line to the flank's tangent determined the maximum 
transverse diameter and r_ was estimated from the fact that 
o 
2. It was essential to have a reasonable crack tip location estimate. 
The location of the crack tip (x^ , y^ ) was estimated by utilizing 
the ratio of the distance between the flank's tangent and the cusp 
point to the distance between the cusp point and the crack tip is 
4.0 (Chapter III-D). After specifying the two points of the 
longitudinal diameter in Step 1, a line was drawn from one of these 
points to the estimated crack tip. Hence, the estimated crack tip 
location was achieved by using both the inner and outer caustics. 
3. The ratio of was estimated by measuring the angle 
between the axis of symmetry (Step 1) and the crack axis. 
Therefore, the estimated value of the ratio is determined 
from Equation (3-16). 
The results of and for crack tips S and L are shown 
in Tables 4-9 and 4-10, respectively. Since the points with the highest 
light intensity of the caustics were considered using the iterative 
least square technique, it was necessary to calculate K^ /K^ g based on 
the points of the highest light intensity of the maximum transverse 
diameter as shown in Tables 4-9 and 4-10. The ratio is 
determined by measuring the angle between the crack axis and the caustic 
axis of symmetry. Kj and are calculated from Equations (3-15a) 
and (3-15b), respectively. 
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Table 4-7. SIFs of crack tip S using 
an iterative least square technique 
y 
No. of points Kl/Klo Kij/Kj 
35 0.697 0.1583 
40 0.708 0.161 
45 0.724 0.1647 
50 0.7216 0.1629 
Table 4-8. SIFs of crack tip L using 
an iterative least square technique 
No. of points Kl/Klo Kji/Kj 
35 0.975 0.0735 
40 0.983 0.0721 
45 0.985 0.0724 
50 0.9846 0.0728 
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Table 4-9. Calculated K^ /K^ g and for crack tip S 
using four techniques 
Technique K^ /K^ Q 
The outer caustic band, inner maximum 0.706 0.172^  
transverse diameter 
The displacement, discontinuity numerical 0.745 0.169 
method 
The outer caustic band, maximum light 0.720 0.172^  
intensity, maximum transverse diameter 
The iterative least square method 0.724 0.1647 
fProm Table 4-5. 
The same angle of symmetry. 
Table 4-10. Calculated K_/K_ and K__/K_ for crack tip L 
using four techniques 
Technique K^ /K^ g *11/*% 
The outer caustic band inner, maximum 0.950 0.069^  
transverse diameter 
The displacement discontinuity numerical 0.995 0.0708 
method 
The outer caustic band, maximum light 0.972 0.069^  
intensity, maximum transverse diameter 
The iterative least square method 0.983 0.0721 
?From Table 4-6. 
The same angle of symmetry. 
Figure 4-14. The EyeCom system 
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F. Conclusion and Discussion 
In this study, experimental solutions for the interaction between 
two equal and different length parallel edge cracks is obtained. The 
slits are machined by a circular cutter which produces low pressure on 
the model and result in low heat generation. The experimental technique 
of caustics was used. Mixed mode stress intensity factors were 
determined by using the current technique and the developed iterative 
least squares method. 
From the results obtained it is seen that the Mode I stress 
intensity factor is predominant as shown in Tables 4-4, 4-5 and 4-6. 
For the interaction between two equal length cracks (Model A), Kj 
increases as the distance between the two cracks increases, while 
decreases. The numerical and experimental results are in good 
agreement and the maximum percentage difference is 4.41% for Model lA as 
indicated in Table 4-4. Although it is not necessary that the numerical 
results are the exact ones, there is an error in determining the 
experimental result for Model lA. This is due to the three dimensional 
effect (r^ /d = 0.277) as shown in Fig. 4-11. The ratio of r^ /d should 
be greater than 0.4. For Mode II, the numerical and experimental 
results are not as consistent as Kj and the percentage difference is up 
to 9.1 as shown in Table 4-4. 
For Model B (crack tips S and L) there is no distinct difference 
between the numerical and experimental Kj values and the difference 
between the Kjj results is less than that for Model A. It is seen that 
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for crack tip S, increases and decreases as the distance between 
the two cracks increases. Crack tip L results indicates that 
decreases when the ratio of H/a increases from zero to two and then 
increases for ratio H/a greater than two. for tip L increases for 
the ratio of H/a increases from zero to one. For H/a ratio greater than 
one decreases with increasing H/a ratio. 
The dashed lines in Figs. 4-5, 4-7 and 4-9 represent the 
theoretical K^ /K^  ^value of a single edge crack in semi-infinite plate 
(K^ /Kio>1.12). The zero lines in Figs. 4-6, 4-8 and 4-10 represent the 
theoretical Kjj/Kj^  results. The difference between the theoretical (Kj 
and and the experimental (or the numerical) results 
is an indication of strong interaction between the two cracks, 
especially when H is small. 
The opening mode for crack tips S and L for Model 3B is calculated 
by measuring the maximum transverse diameter based on the points of the 
maximum light intensity. The results are listed in Tables 4-9 and 4-10. 
The percentage difference between these results and the ones obtained by 
measuring the outer caustic band inner diameter is 1.97 for tip S and 
2.28 for tip L. This shows a good correlation. 
The iterative least square method results coincides with the K, and 
Kii values calculated by measuring the maximum transverse diameter and 
the angle of symmetry of the generalized epicycloid. This indicates 
that Kj and can be determined by taking a number of points from the 
caustic image and not by taking only five points defining the maximum 
transverse diameter and the axis of symmetry. 
There are some areas that need to be explained. These areas 
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1. The difference between the longitudinal diameters method 
(Chapter III-B) vas used in different studies for the 
determination of mixed mode stress intensity factors and the 
experimental results compared satisfactorily with the 
theoretical results [12,33-35]. For the particular case in 
this study, interaction between two edge cracks, the technique 
did not yield very accurate results. Errors in determining 
both Mode I and Mode II were noticed. 
2. The ratio of the initial curve r_ to the model thickness d 
o 
should be larger than 0.4 so that plane stress conditions 
prevail. The effect of the three dimensionality error of Model 
lA (r^ /d - 0.277) could not be eliminated, because when the 
load was increased the two caustics were distorted. This 
distortion was due to the interaction between the two 
epicycloids and the initial curves no longer had a circular 
shape. Thus, it could be concluded that there is a limitation 
as to where the experimental method of caustics can be used. 
It is concluded that the method of caustics can be used for the 
study of Interaction of two edge cracks where the distance 
between the cracks is larger than the model thickness. 
3. The initial estimation of the four unknown parameters, using 
the iterative least square technique, was based on the 
properties of the generalized epicycloid. A nonzero r^  
estimate is necessary. This condition is mathematically due to 
Equation (3-25) and physically there will be no caustic without 
the initial curve. Estimation of the crack tip within r_/3 
0 
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the initial curve. Estimation of the crack tip within r_/3 0 
distance from the actual crack tip location is essential. This 
is mainly due to Equation (3-27) which is based on minimizing 
the residuals between LE and LM as shown in Equation (3-23). 
The current method relies upon measuring the distance between two 
points that define the maximum transverse diameter. Since there could 
be a discrepancy in measuring the maximum transverse diameter, data from 
the whole caustic image should be used to help reduce the possible 
error. In this dissertation a first attempt to take a number of points 
from the caustic image was accomplished. The technique can be extended 
for the determination of mixed mode stress intensity factors from the 
transmitted or reflected from a nontransparent material caustics. 
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V. STRESS OPTICAL CONSTANTS EXPERIMENTS 
As demonstrated in Chapter III, in addition to the experimental 
setup and the model thickness, and depend on the model stress 
optical constant. The basic difference in calculating SIFs from the 
transmitted or the reflected caustics is the value of the stress-optical 
constants. Studies that utilize the method of caustics use an optically 
isotropic material (PMMA, Plexiglas) to extract Kj and although a 
birefringent model material can be used. 
A new technique has been developed to determine both the stress 
optical constants for the transmitted caustic and the caustic reflected 
from the rear face of the model. The maximum longitudinal diameters of 
the resulting transmitted and reflected caustics were used to determine 
the respective stress optical constant. The new caustic technique was 
applied to a thin plate with a circular hole where the caustic image is 
no longer a generalized epicycloid. 
The schematic of the experimental setup for the reflected caustic 
is the same as the one shown in Fig. 3-3. The transmission caustic 
setup is shown in Fig. 5-1. 
The transmitted and reflected stress-optical constants results are 
compared to the available reported values. The effect of the hole size 
is investigated. 
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Fig. 5-1. Schematic transmitted caustic setup 
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A. Model Geometry 
An optically isotropic material, polymethyl methacrylate (PMMA, 
plexiglas) vas used for the experiments. Thin plates vith a thickness 
of 1/8" vere used for all the models. To Insure a uniform tensile type 
load, vhich produces a uniform stress o^ , models vith the dimensions 
shovn in Fig. 5-2 vere used. The loading apparatus used vas the same as 
in Fig. 4-4. The effect of the hole size upon the determination of the 
stress optical constants vas investigated by varying the ratio of the 
hole size a to the plate vidth V. A small drill vas used to slovly bore 
the holes in the models. Final dimensions of the five models used 
(Model C) are shovn in Table 5-1. All models vere taken from the same 
plexiglas sheet. 
Table 5-1. Geometrical parameters of model C 
Specimen 2a b c V a/V 
No. (inch) (inch) (inch) (inch) 
0.0625 4. 244 4.256 1.83 0.017 
0.0781 4. 235 4.265 1.81 0.216 
0.125 4. 262 4.237 1.81 0.034 
0.1875 4. 213 4.286 1.80 0.052 
0.250 4. 21 4.29 1.81 0.069 
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The maximum load of 200 lb can be applied using the loading 
apparatus in Fig. 4-4. More load was needed to complete the 
investigation of the hole size and the dimension of the model changed to 
model D shown in Fig. 5-2. The loading apparatus used for model D is 
shown in Fig. 5-3. The final dimensions of the four models used are 
shown on Table 5-2. 
Table 5-2. Geometrical parameters of model D 
Specimen 
No. 
2a 
(inch) 
b 
(inch) 
c 
(inch) 
W 
(inch) 
a/W 
ID 0.0625 4.54 4.46 3.4 0.009 
2D 0.0781 4.544 4.456 3.394 0.0114 
3D 0.125 4.5 4.5 3.41 0.0183 
4D 0.1875 4.58 4.42 3.4 0.0275 
B. Test Procedure 
The calibration of the experimental setup remains the same. A 
monochromatic light beam emitted from a He-Ne laser impinges on the 
specimen. Screens in front and behind the specimen were placed parallel 
to the specimen at distance Z^ . On these screens the caustics resulting 
from the transmitted or reflected light rays were formed. The reflected 
experimental setup is shown in Fig. 4-3 and the transmitted setup is 
shown in Fig. 5-4. The experimental reflected caustic pattern is shown 
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in Fig. 5-5. The outer caustic is due to the light reflected from the 
rear face and the inner caustic is due to the light reflected from the 
front face. The outer caustic vas considered for the determination of 
the reflected stress-optical constant. The experimental transmitted 
caustic is shown in Fig. 5-6. It was noticed during the experiment that 
the caustic band resulting from the light transmitted or reflected from 
the area surrounding a circular hole was wider than the epicycloid band 
that resulted from the area in the vicinity of a crack tip. Caution was 
taken in the determination of stress optical constant since not only is 
the caustic band wider, but the maximum transverse diameter is raised to 
the 4th power while the caustic diameter for a crack is raised to the 
5/2 power. 
All models were loaded in tension. Due to the diffraction effects, 
the points with the maximum light intensity within the bright rim were 
considered. The digital image analysis system was used to determine the 
light intensity profile at both ends of the maximum diameter. Each 
model was subjected to five different loads and the corresponding 
maximum diameter was measured. The maximum longitudinal diameter can be 
determined by moving the EyeCom cursor on the caustic rim at both ends 
of the maximum longitudinal diameter. To reduce the amount of possible 
error in moving from one side to the other of the maximum diameter, 
CAUSTIC 2 program was used [63] (see the appendix for listing of the 
program). A tangent line to points A and B shown in Fig. 3-12 is drawn. 
Different color parallel lines to line AB within 2 to 3 pixels are drawn 
and the cursor moved along the maximum longitudinal diameter indicating 
line; 
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The magnification factor for the transmitted setup was kept between 
3.1 and 4.1. The applied stresses and the resulting transmitted 
stress-optical constants for each model are shown in Table 5-3. The 
average of the five c^  results for each model and also the percentage 
difference between the maximum and minimum values are presented in Table 
5-3. The average c^ , the maximum c^  and minimum c^  versus a/w are shown 
in Fig. 5-7. The magnification factor for the reflected case was 
between 4.6 and 5.46 and the resulting c^ , corresponding to different 
load levels, for each model are shown in Table 5-4. The variation of 
the maximum and minimum values along with the average c^  are shown in 
Fig. 5-8. 
Table 5-3. Load test results for c^  
Model a c^  avg. c^  X difference 
No. (psi) (10"® inf/lb) (lOT* inf/lb) 
IC 
515 
604 
711 
800 
888 
0.752 
0.748 
0.752 
0.747 
0.750 
0.750 0.73 
2C 
515 
604 
711 
800 
888 
0.752 
0.753 
0.748 
0.749 
0.754 
0.751 0.66 
3C 
400 
515 
604 
711 
800 
0.764 
0.757 
0.749 
0.765 
0.759 
0.759 0.78 
Table 5-3. (Continued) 
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Model a avg. Cj. X difference 
No. (psi) (lOT* inf/lb) (lOr* inf/lb) 
400 0.805 
515 0.802 
AC 604 0.810 0.807 1.05 
711 0.811 
800 0.805 
515 0.878 
604 0.881 
50 711 0.866 0.875 1.4 
800 0.871 
888 0.878 
660 0.757 
840 0.753 
ID 970 0.748 0.752 1.2 
1067 0.754 
1164 0.749 
660 0.753 
840 0.752 
2D 970 0.750 0.751 1.06 
1067 0.747 
1164 0.755 
660 0.757 
840 0.756 
3D 970 0.751 0.753 1.08 
1067 0.753 
1164 0.748 
680 0.747 
873 0.748 
4D 1067 0.755 0.750 1.07 
970 0.749 
1164 0.753 
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Table 5-4. Load test results for 
Model a avg. % difference 
No. (psi) (10"® inf/lb) (10"* Inf/lb) 
604 2.25 
711 2.26 
IC 755 2.26 2.26 0.80 
800 2.27 
888 2.25 
515 2.26 
604 2.275 
2C 711 2.28 2.27 0.88 
800 2.27 
888 2.28 
400 2.30 
515 2.29 
3C 604 2.247 2.27 2.4 
711 2.29 
800 2.28 
400 2.30 
515 2.30 
4C 604 2.32 2.31 0.86 
711 2.31 
800 2.32 
515 2.337 
604 2.330 
5C 711 2.330 2.32 1.7 
800 2.300 
888 2.32 
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Table 5-4. (Continued) 
Model a avg. X difference 
No. (psi) (lOT* inf/lb) (10"® inf/lb) 
795 2.262 
873 2.267 
ID 970 2.263 2.26 0.21 
1067 2.264 
1164 2.263 
660 2.268 
776 2.260 
2D 970 2.268 2.26 0.35 
1067 2.264 
1261 2.260 
630 2.276 
776 2.273 
3D 970 2.225 2.27 0.91 
1067 2.271 
1164 2.264 
660 2.275 
873 2.268 
4D 970 2.289 2.276 1.0 
1116 2.266 
1213 2.282 
VO Ul 
W 
L 
Model C 
1.8" 
8.0" 
Model D 
*3.4". 
8.2" 
Fig. 5-2. Models C and D geometries 
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Fig. 5-3. Pressure loading apparatus 
4 
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Fig. 5-4. Experimental transmitted caustic setup 
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Fig. 5-5. Reflected from a central hole caustic pattern 
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Fig. 5-6. Transmitted through a central hole caustic pattern 
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C. Conclusions and Recommendations 
A new experimental technique for the determination of the 
stress-optical constants for the transmitted caustic and the caustic 
reflected from the rear surface of the model vas developed in this study 
using the experimental method of caustics. The stress-optical constants 
were determined by measuring the maximum longitudinal diameters of the 
caustic resulting from the monochromatic light transmitted or reflected 
from the area surrounding a circular hole in an infinite plate. The 
reflection from the front surface stress-optical constant was not 
considered in this study since its value is Poisson's ratio divided by 
Young's modulus. 
The dashed line in the Fig. 5-6 represents c^  = 0.751 x 10"* in^ /lb 
6 2 
which compares to c^ = 0.744 x 10" in /lb as reported by Beinert and 
Kalthoff [24]. The dashed line in Fig. 5-7 is the average of the six 
6 2 
smallest a/w ratios and represents c^  • 2.27 x 10" in /lb. The 
resulting c^  value is in a good agreement with the reported value of 
2.26 X lOT* inf/lb [64] and 2.278 x 10"* inf/lb [65]. 
The proposed method is a direct and accurate technique for 
independently determining the transmitted and reflected stress-optical 
constants. It is seen from Figs. 5-6 and 5-7 that the size of the hole 
a should be very small compared to the width of the model. It is 
concluded that an a/w ratio less than 0.03 should be used for both 
reflected and transmitted studies and several load levels should be used 
for each hole size used. 
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An experiment was run with two extra holes at distance of v/2 from 
the central hole in model B. The extra holes did not alter the readings 
of the original hole. Thus three hole sizes can be investigated using 
the same model. 
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VIII. APPENDIX: PROGRAMS 
A. CAUSTIC 1 PROGRAM 
r 
r. pKiinpÀM CwIlsTTi- i 
r .  
i -  T H T 9  P R O G R A M  T S  F O R  T H E  D E I E R M I H A I I O N  O E  M I X E D  M O D E  S T R E S S  
C  I N T E N S I T Y  F A C T O R S  A T  A  C R A C K  T I P  U S I N G  T H E  E X P E R I M E N T A L  M E T H O D  
C  ù c  C A U S T I C S  
C  :  
C  
C O M M O N  / E Y E C O M /  V I D E 0 ( 4 )  ,  h "  I C T U R ,  G R A E  I C  ,  C U R S O R ,  « E D ,  B L U E ,  G R E 5 N  ,  
+  A L U A F  ,  A L L I B G  .  S  H  I F T  .  S T A T  .  R A M  (  8  )  
C  
E X T E R N A L  P H I  
C O M M O N / P A R A M /  R O , X O , Ï O , T O  
R E A L . + 4  L  • :  1 0 0  )  .  L E  (  1 0 0  )  .  F  H  ( 1 0 0  )  ,  A L P H  (  1 0 0  )  ,  T H E T A  (  1 0 0  )  ,  R O  ,  C l ,  C 2 ,  X L  
R E A L A 4  D X , D Y , S C A L E , M U . M M . P I C D I S . K O 1 S T , X O . Y O . T O . C  
R E A L A 4  D T R , K 2 . X ( 1 0 0 ) , Y ( 1 0 0 ) , D L E ( 1 0 0 , 4 ) , M ( 4 . 4 > . B ( 4 ) , E R R ( 4 >  
I N T E G E R  I Z ( 6 0 0 > , 1 5 ( 6 0 0 •  
C A L L  S E T U P  
C A L L  n i S P L Y  ( V I D E O )  
P A U S E  A R R A N G E  C A M E R A  T O  S H O W  T H E  C A U S T I C  A N D  G R I D . '  
C A L L  D I S P L Y  ( P I C T U R )  
C A L L  A C C U M  
C A L L  E R A S E  
C A L L  D I S P L Y ( G R A E I C )  
C A L L  D I S P L Y ( C U R S O R »  
P I = 4 . * A T A N ( 1 . >  
•: OETEKf: liUNa T I I L  Ck ALK.  O R I E N T A T I O N  
P A  ! S E  P U T  C U R S ' : . k  0 ( 1  T H ' :  E  U , S T  D I R E C T I O N  P O I N T . H I T < P c T U K H ;  
C A L L  C O O R D S (j-TT.I V I T )  
PAUSE / i J T  THE C U k b C k  0 ,  '  l i i h  S G l O p u  OISECTION P U  IN Ï  .H  i T <RETURN> 
LH L. >. L0 j ÙH ^ j •• ii. .1 W.' • 
rT-ri.'jri i TT • 
c  
L 
C 
L-
C 
c. 
XL-=:LOAI( ÏXU) 
YD-FLOAT( Il II , 
:<L = SQRÏ ( ( %D-:(Ï C ) *A2. + '' Ù i TT) A^ 2. ) 
COSB=(YÏT-YD./XL 
TYPEA,'COSB=',C05B 
SINB={XTT-XD)/XL 
DETERMINING THE SCALE 
PAUSE PUT THE CURSOR ON THE tIRST GRID PO INT.HII<RÊIURH> ' 
CALL COORDS( IXCa , lYQl > 
PAUSE 'PUT THE CURSOR OH THE SECOND GRID PO INT.H1I<RETUSH> ' 
CALL COORDS(IXQ2,IÏQ2 > 
DX=FLOAT<IXQ2-IXQ1> 
DY=ELOAT<IYQ2-IYQ1^ 
PICDIS=SQRI(DXAA2.+DYAA2.) 
TYPE*. 'WHAT IS THE ACTUAL DISTANCE BETWEEN THESE TWO POINTS' 
ACCEPT*.RD1ST 
SCALE=RDIST/PICDIS 
TYPE*,'SCALE='.SCALE 
CALL DXSPLY (VIDEO) 
PAUSE 'AARANGE CAMERA TO SHOW CAUSTIC. ' 
CALL DI3PLY (PICTUR-
LOCATING THE CRACK TIP, THE MAXIMUM TRANSVERSE DIAMETER(D max) 
CALL ACCUM 
PAUSE 'PUT THE CURSOR ON LEET CUSP.H IT <RETURN) ' 
CALL COORDS(IaP2.lYPl• 
PAUSE 'PUT THE CURSOR ON RIGHT CUSP.H IT (RETURN) ' 
CALL COORDS(IXP2,IYP2) 
PAUSE 'PUT THE CURSOR ON CUSP ^UIHT.H IT RETURN)- ' 
CALL COORDS(IXP3.IYP3• 
CALL SKIP(IXPl.IYPl) 
CALL DRAW(IXP2,IYP2' 
TDDX1=1YP2-IYP1 
111DÏ1  =  1XP]  -  IXP2  
CALL  SK IP ( IXP3+6ÂIDDX1 .  I  YFI  +  FCA IDD Ï  ! >  
CALL  DRAW< IXP3-4^ . IDU/  L , IYP3-4*lDUi L  » 
PAUSE 'PUT  THE CURSOR ON LR WER D  n,:jX POINT.  H  IT  (RETURN;  
CALL  COORDS( IXP5 , IYP5 '  
PAUSE 'PUT  THE CURSOR ON UPPER D  M.JX  POINT .H  IT  <RETURN)  
CALL  COORDS( IXP6 . IYP6  = 
DCX=FLOAT( IXP6- IXP5)  
DCY=ELOAT<IYP6- I ÏP5 )  
0TR=SQRT(DCXAA2.+DCYAA2. )  
TYPE* . 'DTR= ' .DTP 
T !00= (DTR*SCALE) /3 .  
LYPEA. 'R00=  .ROO 
XP5=FLQAT(  IXP5 . '  
YP5=EL0AT( IYP5)  
XP3=EL0AT( IXP3)  
YP3=EL0AT( IYP3)  
MM=SQRT( (XP5-XP3>  KK2 .  +  (YP5-YP3)KK2 . )  
TYPE* . 'MM= ' .MM 
C0ST=(XP5-XP3) /MM 
S INT=(YP5-YP3) /MM 
IXTE= IXP5- (1 .666*R00*C05T) /SCALE 
IYTE= IYP5- (1 .666*R00*S INT) /SCALE 
CALL  COLOR ( ' 140 )  
CALL  SK IP  ( IXP5 . IYP5>  
CALL  DRAW ( IXTE . IYTE)  
PAUSE 'PUT  THE CURSOR OH THE CRACK T IP .  H IT  <  RETURN: -  '  
CALL  COORDS<IXT , IYT?  
START COLLECTING DATA POINTS 
TYPE* , 'NUMBER QE POINTS DESIRED '  
ACCEPT* ,NUM 
C  P R O G R A M  P R O F I L  
C 
C O M M O N  / A L U  /  A D D , A D O C . S U B . S U B C , A  I N C , A D n L , A , B , A  I N V I , B I N V I ,  
+  A N D ,  O R  ,  O R  I N V T  ,  > , u R ,  X N O K  .  C L E A R  , S E Ï  .  O F L Ù U ,  F L A G  
C A L L  D I S P L Ï  ( C U R S O R )  
P A U S E  ' P l a c e  c u r s o r  o r i  b l u c k „  
C A L L  C O O R D S  ( I X , l Y  *  
I M I N  =  2 5 6  
D O  1 0  I  =  - 3 , 3  
D O  1 0  J  =  - 3 . 3  
I Z ( 1 >  =  I N T E N S  ( I X - I , l Y + J )  
1 0  I E  ( I Z ( l ) . L T , I M I N )  I M I N  =  I Z ( 1 )  
P A U S E  ' P l a c e  c u r s o r  o n  w h i t e . "  
C A L L  D I S P L Y  ( . C U R S O R ,  
C A L L  C O O R D S  ( i x , I Y >  
I M A X  =  0  
D O  2 0  I  =  - 3 , 3  
D O  2 0  J  =  - 3 , 3  
I Z ( 1 )  =  I N T E N S  (  I X - :  I ,  l Y  +  J )  
2 0  I E  (  I Z C D . G T .  I M A X )  I M A X  -  I Z ( l  )  
C A L L  C O N T R  ( I M I N , I M A X )  
D O  1 1 0  K 1 = 1 , N U M  
C  
C  G e n e r a t e  p r o f i l e s  o f  i n i a q e .  
C  
C A L L  D I S P L Y  ( C U R S O R )  
P A U S E  '  S e l e c t  O r i q i n  P o i n i - .  '  
C A L L  C O O R D S  ( I X , I Y )  
P A U S E  ' S e l e c t  E n d  P o i n t . '  
C A L L  C O O R D S  <  T X l . l Y l )  
C A L L  E R A S E  
C A L L  D I S P L Y  ( G R A E I O  
C A L L  C O L O R  \ ' 1 4 0 '  
C A L L  S K I P  ( I X , l Y )  
CALL DRAW (IXi,lïî> 
T60T = IY - 20 
T I ?  ( lYl.LI.IY) ÏBQT - IY J. - 3 0  
IF (IB0Ï.LT.1Ù5) I BOT = JhuT 4- 168 
TLEH = IHBS(IXI-Ia) 
oLOfE = ELOATdYl - 1 Y )/FLOAT ( I X1 -  I X )  
IF (IXl.LT. l X )  IX = IXJ 
UALL BACK (IX,IX+ILEN.IBOT-128,IBOT) 
CALL SKIP ( IX , IBOT-INTENS( IX , lY ) /2 
IXK=IX 
IYK=IY 
IS ( 1 ) = INTENS ( IX, lY •» /2 
IMAX=^IS(1> 
00 240 I = l.ILEN 
IX = IX + 1 
ISI ) = INTENS ( IX, lY+INT ( lASLOPE ) > /2 
IF(I3(I).LT.IMAX>G0T0 220 
[MAX=IS( I) 
IXK=IX 
IYK=IY+INT(lASLOPE) 
220 CALL DRAW(IX,IBOI-IS(I)' 
240 CONTINUE 
K=K1 
XP=SCALEAELOAT(IXK-IXT) 
YP=SCALEAELOAT(lYK-lYT » 
X(K)=XP*SINB+YPACOSB 
Y(K)=XPiCOSB-YPASINB 
TYPE*,'X<',K.')=',X<K• 
TYPE*,'Y( ,K.' ) = ',Y(K > 
110 CONTINUE 
C A L L  E R A S E  
I AN XÏEKAÏIUL LEAST SQUmKIÎ M EI HOD 
C 
I; RO IS THE INITIAL CURVE RAIILUS ESTIMATE 
C XO.YO IS THE ESTIHATLUH OF THE CRACK TIP LOCATION 
C TO IS KII/KI ESTIMATE 
TYPE*,'INPUT THE RO,XO,YD,TO' 
ACCEPTA.RO.XO.YO.TO 
IC0NT=1 
EACT0R=1.6 
ELAG=0.0 
5 continue 
IE(ELAG.EQ.1.0>EACT0R=1.0 
ELAG=^1.0 
00 100 11=1.NUM 
I-I] 
L •: I > =5QRT ( (X(I)-X0)**2. + ( Y( 1)-YO > **2. > 
PH< I)=ATAN2(Y(I)-YO,X(I>-XO > 
C 
C LOCATING THE DIFFERENT REGIONS OF THE CAUSTIC IMAGE 
C 
TE(L(I).LT.RO)PH(I)=PH(I)+2.API 
IE<PH( I)-TO.GT.PI.ANII.L( I) .GT-RO)PH( I)=2.ÀPI+PH(I^ 
IE(PH( I).LT .0. )PH< I> =PH •; 1+4 . AP I 
PH J:I=PH< I)Also./PJ 
THETA(I) = ENROOT(PH( I) ,PHI. 12.56637.0. ,lE-4:) 
IHETAI=THETA(I)*180./PT 
TYPE*. THETA= '.THETAI 
C 
C CALCULATING ELEMENTS OE MATRIX LM3 AND [B] 
LE(I)=R0*SQRT(13.+(12.)ACOS(THETA<L;/3.•>/3. 
A1=SIN(THETA(I)/2.) 
A2=C0S(THETA(I)/2.) 
A3 = SQKTi i3. + ( 12. 
A4= ( COS ^ FH ( I ) ) **2 . AROÂA lACfO-»' < T> > ,/( (XU-X(I) 
A5= ( 6 . * ( A1/A3 ) AA2. +A2 ) /L OS ( PH ( l)-THKi A( I)-T0)4 A ): 
A6= ( COS ( PH ( I) ) **2. AkOÀA 1À ( X ( I ) -Xu ) >/( (Xli-Xv [> )AA2 
DLE(I.1>=A3/3, !fiO 
OLE(I,2>=(X<I>-XO>/L(I)+(A4/A5) 'XU 
DLE( I,3) = (Y( I)-YO)/L< D-v Ab/A5> ! YO 
DLE<; I.4)=R0AA1/A5 ' TO 
100 CONTINUE 
C CALCULATION OF H(H.N) AND Y(N) MATRICES. 
r. 
DO 200 J=l,4 
B ( J ) = 0 . 0  
00 200 1=1,NUn 
B(J)=B(J)+(L(I)-LE(I))ABLE(I.J) 
200 CONTINUE 
00 300 J=1.4 
DO 300 K>1,4 
M(J,K)=0.0 
DO 300 1=1.NUM 
M(J.K)=M(J.K)+DLE(I.K)ABLE(I.J) 
300 CONTINUE 
CALL GAUSE(M,B,4,ERR) 
TYPEA,'DRO % B(1. 
TYPEA.'DXO '.B(2) 
TYPEA,'DYO ',B(3> 
TYPEA.'DTO '.B(4) 
HRR2= < ABS(B(1))+ABS(B(2))+ABS(B(3))+ABS(B(4)))/4. 
IF(ERR2.LE..lE-2.OR.ICONT.GT.30)GOTO 400 
RO=RO+B(1 ) 
X0=X0-î-B(2) 
Y0=Y0+B(3) 
T0=^ T0-5-Bi'4-, 
TYPEA,' -
tïPE^, iLUHI=' . ILUr'T 
TYPE*, KO '.RU 
TYPE*.'XO '.XO 
TYPE*,'YO ',YO 
TYPE*. TO '.TO 
MU=S IN ( -TO/2 . ) /COS ( -TO/ J .. • 
TYPE*, MU ',MU 
IC0NT=-IC0NT + 1 
GOTO 5 
400 IYPEA,'30 ITER. 
TYPE*.'RO ',R0 
TYPE*,'XO ',X0 
TYPE*.'YO '.YO 
TYPE*. TO '.TO 
STOP 
END 
C -
C œ 
C ENROOT SUBROUTINE 
C 
C THIS SUBROUTINE IS FOR THE DETERMINATION OF THE ANGLE THETA 
C 
C 
REAL FUNCTION PHI (THETA) 
COMMON/PARAM/ RO.XO.YG.TO 
Al=SIN(THETA/2.> 
A2=SQRT(3.25+3.*COS(THETA/2.)) 
ASIN=-AC0S(A1/A2)+3.1415927/2. 
PHI=THETA+A5IN4-T0 
RETURN 
END 
C 
C SUBROUTINE GAUSE (M, Y,N.ERFR^ 
L 
C THIS SUBROUTINE CALCULATES THE INITIAL CURVE VALUE. THE 
C CAUSTIC ANGLE OF SYMMETRY, THE CRACK IIP POSITION 
C 
r 
SUBROUTINE GAUSE (M,Y.N,ERR) 
REALA4 M(N,N >,Y(N),ERE(N • 
C 
C NORMALIZE COLUMNS. 
C 
00 110 1=1.N 
ERR(I)=0.0 
00 100 J=l,N 
100 £RR(I)=ERK<I)+ABS(M(J,I)) 
ERR(I)=ERR(I)/N 
IF(ERR(I>.LT.1E-36) GOTO 1 
00 110 J=1,N 
110 I)=M(J.I)/ERP(I » 
C 
C GAUSSIAN ELIMINATION. 
C 
00 230 1=1.N-1 «ELIMINATION ROW 
AMAX=0.0 
00 210 -J = 1,H t LOCATE PIVOT RuW 
A VG=^0.0 
00 200 K>1 ,H 
200 AVG=AVG4-ABS(m( .j ,K ) ) 
AVG=AVG/(N-l+l) 
!;E ( ABS ( ri ( j , i ) ) . LE . ( AHA,: Ar A'.'G ) ) GOTO 2 10 
. I / .- HUi, • 
i MAX = .j 
X i - i.Jii'.! i' .'U. 
• ' AHH  < . i/ï;. i 1. - • ,ij i:,i 
' i.nf' - d • i ii.i ; , ; ' I. . i ! . il'"; i-
M IHAX. ï> i . I ' 
••i< • , I ' ^AriAX 
HnAy=ï'EMP 
(10 220 J^in.N 
TEMP=^fUIHÀ>:.J »/hHAX 
M(IMAX,J)=M(I,J) 
220 rit I.])=TEMP 
TGHP = Y( IrsAXi/AnAX 
y ( IMAX)=Y( I') 
Y(I)=TEHP 
LiO 230 J=I+1,N 
AMAX=H(J,]' 
Y( J)=Y( J >-Y( DAAHAX 
DO 230 K=I+1.H 
230 M(J,K)=M(J,K)-M(I,K)AAMAX 
IF •: ABS ( M ( N. N ) ) Lï. ABS < Y < H ] 
Y(N)=Y(N)/M(H.N) 
H».H,N) = 1.0 
r  
C bHCK SUBSTITUTION. 
DO 300 I=N,2,-l 
DO 300 a=1-1,1.-] 
300 YCJ)=Y(J)-Y(I)*M(J,l) 
DO 310 I-l.H 
Y(I)=Y(I)/EER(I) 
310 ERR(I)=M(I.I, 
RETURN 
C 
C IN CASE OF HO SOLUTION 
ùRR(H)=0, 
K V  T U k i '  
I . H D  
L,!U F:L .iVr i.'--; 3 .uHlk li. ANCE 
I PERFORM ELIMINATION 
AlE-36;' ) GOTO I 
N3 
O 
REAL EUNCTION ACQS 
REAL 2 
PI=4.AATAN(1.) 
A=SQRÏ(1.-Z*A2' 
IE(Z.EQ.O>GOTO 10 
B=A/Z 
Z1=ATAN(B; 
IF(Z. L Ï . 0 ) Z 1=PI+ZJ 
GOTO 20 
Zl=PI/2. ' 
AC0S=Z1 
RETURN 
END 
;UÏ;K Û U T I N F  
ro 
122 
CAUSTIC 2 PROGRAM 
p R . l H p - '  -  r a i l C T  T f  -
T U T S  P R Q t j I f A M  I . O C à ï H S  t h e  C A U S T T C  M A X  f M U M  D T A M R T R R  A C C U Ï ï A T î . Ï  
rnMMfiW /KYECOH/ U TïŒO M V . P ÏCTUR , i^RAF TC . CURSOR , RED, BLUE , GREEN. 
+ ALUAE.ALUDG.SHIFT,SÏAT.RAM(16) 
REALA4 SCALE,RD1ST,PïCDI S , X <100), Y < 1 0 0 ),ALPHA1,ALPHA2  
REALA4 BETAl ,BElA2,DIi.D 
INTEGER 12(600),IS<600) 
CALL SETUP 
CALL DISPLY (VIDEO) 
PAUSE 'ARRANGE CAMERA. 
CALL DISPLY (PICTUR) 
CALL ACCUM 
CALL ERASE 
CALL niSPLY(GRAFIC) 
CALL DISPLY(CURSOR) 
PI i^.AATAHd. ) 
DETERMINING THE SCALE 
PAUSE 'PUT THE CURSOR ON THE FIRST G R I D  POINT.HITCRETUk N )  ' 
CALL COORDS C l X D l . T Y m  =  
PAU-5 'PUT THE CURSOR OH THE :cLUNU P.LNT.HIT<RETURN; ' 
C A w L  C O O X D :  (  I :  ' : .   . i Y Q 2  '  
: : X l = E L ' j A I (  l X Q 2 - I X . l i  ;  
• 1 = PL0AI ( lïQj-lVùi • 
P IL- D L - ' j l.{ k Ï ( U 1À : k  li . U i  i k  r - '  
r v p E A ,  '  W H A T  I S  I H ' -  A L  i : U r  . .  . . S T A H C E  B E T  W E E , :  THESE T W O  riJiNTa 
ACCEPT* .RDIb/J 
• .L r?. r.'Picii n 
CALL COuKOSdXf i . ÎY?1 • 
TYPE*, 'IXPl'.IXFi 
ÎÏPgà. IiM , lYPl 
PAUSE 'PUT THE CURSOR ON THE RIGHT CUSP POINT. H IT < RE TURN:: 
CALL COORDS ( IXP2. IÏP2 
TYPE*. 'IXP2',IXP2 
TYPKP, •IYP2'.IYP2 
CALL SKIP (IXPi.IYPl) 
CALL DRAW (IXP2.lYP-' 
SLOPE=ELOAT(IYP2-IYPI)/ELQAT(IXP2-IXPI) 
B=lYPl-SLOPE*IXP] 
TYPEA,'SLOPE =',SLOPE,'B ,B 
DD=0.0 
THÏS"SU'BEOÏÏTÎHE"GENERAÏLS"TÎHES"T  
TANGENT 
d IS THE DISTANCE BETWEEN LINES 
ALPHA 1 IS THE MINIMUM >. VALUE 
ALPHA2 IS THE MAXIMUM X VALUE 
NUM IS THE NUMBER OF POINTS DESIRED 
TYPE*. 'INPUT THE d,ALPHAI,ALPHA2.NUM 
ACCEPT*,d.ALPHA1,ALPHA2.NUr 
DO 121 i1=1,HUM 
i - IJ 
C:-:LL DlSr LY P ICIUR 
CALL ii JSPLY I GRAF If 
vD^ELOAK I) Ad 
B E '1H1 = S L. r. A L P H i-i i B ' ' • • 
lALHi-i I ^  INT" ALPHA : ; 
ItJETAl.^ INT. BET:',., 
L fi J -• t > !.. iJ r i . > M L H M - H :, 
• I ' ,  r i f i - .  ; I - T  .  S .  r i i  1 - 1 . . .  
IXG1=IALHA] 
TXG2=ÏALHA2 
IYQ1=IBETA] 
tYG2=IBETA2 
CALL DISPLY(GRHFIC) 
CALL COLOR ("120) 
CALL SKIP < IXGi. lYGl = 
CALL DRAW ( IXG.j, IYG2 ) 
12 3 continue 
CALL niSPLY (PICIUR) 
CALL ACCUM 
CALL DISPLY (CURSOR) 
PAUSE 'PLACE CURSOR ON BLACK. 
CALL CÛQFDS (IX,lY) 
IMIN= 256 
00 10 I=-3,3 
DO 10 J=—3,3 
t2(l> = Ir.!TENS ( IX-:-1, IY 4-J) 
10 IF ( IZ(1).LT.IMIN) IMIN=lZi1) 
PAUSE 'PLACE CURSOR ON WHITE. 
CALL DISPLY (.CURSOR) 
CALL COORDS (IX,lY) 
1MAX=0 
DO 20 I=-3,3 
DO 20 J=-3.3 
[Z(1):=IMTENS( IX+I, lY + J) 
20 It': IZ( i ) .G'j . IHAX) ihAX-IZd' 
CALL CONIR (InlH.lHh.'j 
DO liO Kl=l.. lO 
C A L L  D I S P L Y  ( C U R S O B ,  
C A U S E  S E L E C T  O R I G I N  P u i i ' T .  
CALL COORDS • / , i ; • 
- H E L x I C T  i ' C .  :  N T  .  
•  A L L  r . l O R O ' : '  r . '  I .  ,  .  I  
' :! i : Gr,,r : 
.  . . .  
tc Ui 
L H  L1. K  L ! ' t 1X r  I V ' 
CALL DkAW U X J  , tv., . 
IBOT =^iY-20 
TE( K I. LI. Il) I.BUI= r,' 1-30 
1F( IBÛI.LT.. iu8) IBOT=IBOT+j 66 
TLEM=IhBS(IXl-IX) 
SLOPE= FLOAT(IÏ1-lY)/FLOAT•IXl-IX; 
IE( IXl.LT. IX> IX=-1X] 
CALL BACK (IX,IX+ÏLEN,IBOT-128,IB01 
CALL SKIP V IX.IBOÏ-INTENSiÏX,lY)/2» 
TXK=IX 
IYK=IY 
IS(1)=INTEN5(IX.IY)/2 
IhAX=IS<l--
DO 240 1=1,ILEN 
IX=IX+] 
13( I) = INTEHS< IX, lY + IN.K lASLOPE) ) /2 
IF(IS(I).LT.IMAX) GOTO 220 
IMAX=IS(I) 
IXK=IX 
IYK=IY+INT(lASLOPE) 
CALL DRAW( IX. IBOT-IS'. I) , 
CONTINUE 
K = K] 
X(K)=3CALEAEL0AT(IXK) 
Y(K)=SCALEAEL0AT(lYK * 
TYPEA.'X(',K,')=',X(K) 
TYPE* . ' Y ( • ,K, ) = ' . Y ( I: ) 
CONTINUE 
STOP 
END 
M 
o\ 
